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SUMMARY. 
A three-dimensional finite element computer program has been developed which can 
predict the behaviour of steel-framed buildings, including the supported floor system, 
in any specified fire scenario. The developed software provides a more realistic 
prediction of structural behaviour at elevated temperatures, than is possible with 
models which are limited to frame analysis, since the building structure is considered 
as a more complete entity. Confidence in the software is strengthened by comparison 
with test resulis to the extent that different structural and fire scenarios . may in future 
be investigated very cheaply. This could 
O! 
K to a better understanding of the 
behaviour of steel, framed structures ýIuring fires and to more rational approaches to 
specification of fire protection requirements, which are currently rather expensive in 
terms of material and fixing costs. 
I 
The steel beam-column members are represented by one-dimensional two-noded 
elements which incorporate both material and geometrical non-linearities. These can 
model three-dimensional steel member behaviour including lateral-torsional buckling. 
Temperature gradients can be specified through the steel cross-section and also 
along its length. Sprring elements, of zero length, have been introduced to represent 
semi-rigid joints. These degrade in stiffness and strength with rise in temperature and 
are represented by any specified mom e nt-rotation-tem peratu re relationship. 
Unloading from an inelastic state has been modelled for both the steel members and 
connections, allowing the behaviour of the frame during the cooling phase of a fire to 
be investigated. This will enable the repairability of the frame to be assessed after a 
fire has occurred. The flooring system is represented-by shell finite elements, which 
are linear elastic and include thermal strains, although the temperature distribution 
through the slab's thickness must be assumed uniform. A simplified method of 
representing cracking in the concrete has been introduced by placing a limit on its 
maximum bending stress. The node position of the steel one-dimensional finite 
elements can be displaced to allow connection to the two-dimensional shell elements 
at a common point. This allows composite action between the beam and supported 
slab to be modelled. 
Comparison has been made between computer simulations and fire tests on the full- 
scale test frame at Cardington. It has been shown that modelling isolated members is 
highly unrealistic. However models which incorporate a significant amount of the 
structure surrounding the heated zone, including the membrane action of the flooring 
system, perform far better when compared )o actual tests. These comparisons 
indicate that the future development of design methods for fire safety of structures 
needs to be steered away from its traditional emphasis on isolated member 
behaviour, and towards considering the interaction of the whole building structure with 
the aim of avoiding disproportionate collapse. 
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NOTATION. 
(Only the general notations used during this thesis are presented here. Symbols 
which have only been used once and -are of a more specific nature have been 
explained clearly when they arise in the text) 
A Arbitrary point. 
A, B, n Temperature-dependent factors shown in Table 3.01. 
B Strain-displacement matrix. 
brt Transformed thickness of the segment. 
0 Original thickness of the sebment. 
Generalised stress-strain matrix. 
CS Specific heat'of steel. 
E20 Young's Modulus of the material at 200C 
Et Tangent modulus of the material. 
f Shear force. 
F Vector of externally applied nodal force. 
G Shear modulus. 
h Shape functions. 
H,, Matrix of shape functions. 
ly, 1,.. etc.. Cross-sectional properties. 
i Jacobian operator. 
K Local stiffness 
[K] Tangent stiffness matrix. 
ks Thermal conductivity of steel. 
Member length. 
Mf Applied moment at the fire limit state. 
MP Plastic moment. 
MIr Elastic critical moment. 
m, n,... etc. Stress resultants. 
0 Arbitrary point on the centroidal axis. 
P Elastic critical load. 
Py Yield stress. 
{Q} External nodal forces (local coordinates). 
(q) Nodal displacements (local coordinates). 
R External nodal forces (global coordinates) 
R Load ratio. 
r,, r2l r. Sampling points. 
T Temperature. 
xi 
TOL Tolerance limit. 
TSV Torsional moment due to St. Venant shear stress. 
ts Steel temperature. 
Vector of displacements at nodal positions. 
Identity matrix. 
X, Y, Z' 0 Global coordinates. 
X, Y, Z' 0 Local coordinates. 
W Virtual work. 
Sectorial coordinate. 
Weighting factor. 
Prefixed to other term, denotes an increment. 
8 Prefixed to other term, denotes virtual variation. 
a Denotes partial differentiation. 
F, Strain. 
cr, 'r Stress. 
a2O Stress at 200C. 
110 Degree df utilisation: 
0 Rotation. 
Cubic shape functions. 
Shear strains. 
Unbalanced forces of equation 5.25. 
17 Imperfection parameter. 
A Slenderness ratio. 
ri Potential energy. 
Denotes a column vector. 
Denotes a row vector. 
Denotes a matrix. 
Denotes a matdx inverse. 
112 Denotes a norm vector. 
Denotes a summation. 
d Denotes ordinary differentiation. 
I Denotes differentiation with respect to the single argument. 
of Denotes second derivative with respect to single argument. 
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Chapter 1: Introduction. 
1.0: INTRODUCTION. 
In the U. K. steel is the one of the most popular materials used in construction, with 
57% of multi-storey buildings and 90-95% of single-storey factories and warehouses 
being constructed in steel during the 1991-1992 period'. The main advantages of 
steel construction are fast erection sequences and lighter structures which allow 
longer spans and smaller foundations. However, compared to other materials used to 
frame single-storey and multi-storey structures, steel has a high thermal conductivity 
value and therefore rises in temperature, thus losing strength and stiffness, at a much 
faster rate. Recoýgnising this as a disadvantage when considering the choice of 
6terial for structural frames, the steel industry has invested much research into the 
use of new protective materials and design methods. The aim of this is -to reduce 
both the protective material costs and also the impact of application of the protection 
on the construction programme. 
Regulatory requirements state that all habitable buildings require a minimum degree 
of fire resistance to fulfil two main objectives; 
" to ensure life-safety, 
" to minimise property or financial loss. 
The Building RegulationS2 are generally concerned with the former objective while 
insurance companies are concerned with both. , Safe evacuation by early detection, 
smoke clearing equipment and reduced travel distances to fire protected stairs are 
classed as typical life safety measures. Fire protection in the form of passive 
measures by structural protection and containment, or active measures by sprinklers 
are more commonly associated with property protection. However, the Building 
Regulations are not only based on the minimum time expected for complete 
evacuation of the building (which can be relatively short, typically 30 minutes). The 
safety of fire fighters, risk of structural collapse and fire spread are also of concern. 
Therefore the minimum time periods which are specified in the Building Regulations 
are dependent on: 
1. the type of building; 
2. the height of building or compartment; 
3. the floor area of building or compartment; 
4. the cubic capacity of building or compartment. 
The time periods are specified as 1/2,1.2,3, or 4 hours. These times are not 
allowable escape times for occupants or survival times for the structure, but a simple 
convenient way of grading different categories of building. 
I 
Chapter 1: Introduction. 
The passive fire protection measures of containment and structural protection are 
particularly attractive to legislative authorities since they are 'fail safe' methods 
compared to active measures. For steel-framed buildings, the most familiar and 
traditional method of applying structural fire protection is to use some form of 
insulating material. This keeps the steel at a sufficiently low temperature to retain 
enough strength and stiffness during the regulatory stated period of fire resistance. 
Originally the maximum permitted value of steel temperature (approximately 550OC3) 
was based on steel losing its design safety margin on strength at this temperature 
value. Although this philosophy fits well with permissible-stress design codes such as 
BS4494 it is extremely simplified in the way it considers the behaviour of steel 
ýembers in fire. It assumes that members are uniformly heated, fully stressed at 
ambient temperature, and also ignores the fact that stress-strain curves become 
highly curvilinear at elevated temperatures Vith confinuing strength at increasing 
strains. Recent design codes BS5950 Part 85 and EC3 Part 1.2,6 which are based on 
fire engineering methods, allow designers to treat fire as one of the basic limit states. 
The design methods incorporate non-uniform heating (created by partial protection 
either inherent in the'structure ot purposely added), true load levels and actual stress- 
strain characteristics of steel at elevated temperatures. Coupled with the structural 
response, fire engineering methods are also concerned with predicting the actual rate 
of temperature rise in the steel members. This is dependent on its location, thickness 
and exposed surface area, together with the heating rate and maximum temperature 
of the atmosphere inside the compartment. Prediction of this internal atmospheric 
heating rate and maximum temperature depends on the severity of the fire, which is 
governed by the amount of combustible material in the compartment (fire load), type 
and surface area of the fuel, ventilation, size and configuration of the compartment. 
Adopting a more rational approach to the fire performance of steel structures can 
greatly reduce the amount of fire protection required. In some cases such as sports 
halls, airport and railway terminals, where fire loads are low, a fire engineering 
approach can demonstrate that no protection is required to the steel members. At the 
present time the majority of designs using fire engineering concepts are concerned 
with achieving a certain period of fire resistance in a standard fire test as defined in 
BS476 Part 207 or IS08348. Within these tests the element should be subjected to 
stress levels of a similar nature and magnitude to those likely to be encountered in 
practice. However using standard furnaces usually limits members to 4.0 metres in 
length for beams and 3.0 metres in height for columns. The test arrangements for 
both beams and columns are shown in Figs. 1.02 and 1.03. 
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Fig. 1.0 1: Temperature-time relationship in a standard fire test 
To allow comparisons between different fire tests a standard time-temperature 
relationship is specified, as shown in Fig. 1.01. This standard fire curve is only used 
to allow comparison between tests, since fires differ depending on the size and nature 
of the fire load, degree of ventilation and the size and shape of the compartment. 
The performance criteria for the fire test are insulation,. integrity and load-bearing 
capacity. Insulation and integrity deal mainly with non-structural fire protection 
materials and are therefore not considered h9re. For load-carrying capacity the 
structural failure of beams is considered to occur when either the deflection rate 
reaches L2/9000d (where L is the beam span and d is the beam depth) for deflections 
greater than L/30, or a maximum deflection of L/20 is reached. For columns failure is 
considered to occur when the applied load cannot be supported. Concerns have 
been expressed over the interpretation of the results and limitations of the standard 
test, and some of these are listed below. 
1. The behaviour of members subjected to the standard time-temperature curves 
may not be the same for other fire scenarios encountered. 
2. Tests on isolated members ignore the effect of restraint from the rest of the 
structure, which could either be cold or also heated. 
3. The cost of tests is extremely high, so that the effect of the member's cross- 
sectional size, span (which is controlled by the furnace size) restraint, and 
structural configuration cannot economically be investigated fully. 
Results from standard fire tests9 together with knowledge of steel properties at 
elevated temperatures (discussed in section 1.1) have allowed development of the 
3 
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Steel beam 
1125 mm. 1125 mm A 125 mm Segment concrete 
slabs 630 x 130 mm 
Fig. 1.02 Test arrangement for simple beams. 
Load 
Fig 1.03: Test arrangement for simple columns. 
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recent codes BS5950 Part 85 and EC3 Part 1.26, However these codes are limited in 
that they consider isolated member design only. Due to the safety requirement of 
compartmentation, which consists of division of the structure into compartments to 
contain fire and smoke as shown in Fig. 1.04, all buildings will normally be subjected 
to localised fires. This will create a zone of heated structural members which is 
surrounded by the rest of the full-strength cold structure, the extent of which depends 
-on 
the- position of the fire compartment in relation to the whole building arrangement 
The effects of the surrounding structure on the heated compartment are twofold. 
Firstly the restraint against thermal eýpansion will increase the axial forces in heated 
members, causing possible column' instability at lower temperatures than are 
; uggested by predictions which ignore such continuity. The second effect, which Is 
'beneficial, consists of the strength of the structure around and above the heated area 
which can provide support to the weakening members, even to the extent of re-routing 
the load paths so that collapse is avoided. 
4. 
F External walls & roof designed to 
protect surroundings from fire in the 
buildirig & to prevent ignition from 
external fires 
Extent of compartment 
(walls & floors designed 
to stop fire spread) 
Fig. 1.04: Structural fire containment. 
1.1: MATERIAL PROPERTIES. 
Strength, deformation, thermal expansion, specific heat and thermal conductivity are 
all properties of steel which are temperature-dependent. Steel begins to lose strength 
at temperatures above 3000C and continues to weaken at an approximately steady 
rate until about 8000C. The degradation of the small residual strength remaining 
above this temperature continues, but at a slower rate until melting is reached at 
approximately 15000C. The British Steel stress-strain data'O (which is embodied 
5 
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within BS5950 Part 8) for grade 43 steel, is shown in Fig. 1.05, and throughout the 
research published here a Ramberg-Osgood type of equation" was used. to represent 
this data. 
The stress-strain behaviour of steel at elevated temperatures is dependent on the rate 
of heating, due to a component of deformation arising from creep at temperatures 
above 4500C. . Since creep is time-dependent and very complicated to incorporate in 
design methods, research has been conducted into the different heating rates likely to 
be encountered in 
, 
actual buildings'O,, It has been concluded that if a linear rise of 
temperature to a limit of 6000C is asgumed, together with a range of failure periods 
between 30 and 120 minutes, then the heating rates fall into the range of 5 to 200C 
per minute. Therefore if the heating rates for small-scale tests are kept within these 
limits then the results obtained will be representative of the behaviour of steel in large- 
scale tests. The British Steel data presented in Fig. 1.05 is consistent with a heating 
rate of 100C per minute. 
Stress N/niM 
300 
250 
200 
150 
100 
50 
0 0.5 I 
Strain % 
1.5 2 
Fig. 1.05. Stress-strain data for grade 43 steel at elevated temperatures. 
There are two methods of tensile testing to determine stress-strain characteristics at 
elevated temperatures. 
Isothermal (or steady-state) tests, which have traditionally been used for 
mechanical engineering applications, consist of applying a constant temperature 
to the tensile test specimen and inducing strain at a steady rate which will produce 
a stress-strain curve for a given constant temperature. 
6 
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Anisothermal (or transient) tests consist of applying a constant load to the tensile 
test specimen and increasing its temperature by. pre-determined amounts. The 
resulting strains are measured, with the effect of thermal strains being deduced 
after obtaining results from unloaded specimens subjected to the same 
temperature conditions. Stress-stain curves at particular temperatures are 
obtained by interpolation from a family of curves at different stresses. 
In 
Kirby and Preston12 reviewed both methods of testing and concluded that 
anisothermal tests indicate lower strengths but can be claimed to be more realistic. 
f 
Apart from the rate of heating and type of test, considerable debate also exists about 
the strain values at which the residual strength of steel should be measured when 
strength reduction factors are specified in the design codes. Strength reduction 
factors are defined in this context as the residual strength of steel at a particular 
temperature, relative to the basic yield strength at room temperature. For mild steels 
at ambient temperature the yield strain is traditionally defined as the value consistent 
with a yield stress 'lateau. However at elevated temperatures there is a gradual p 
increase in strength with increasing strain. BS5950 Part 8 adopts a strain limit of 
1.5% for beams and 0.5% for columns, whereas EC3 Part-1.2 adopts a strain limit of 
2.0% for all members. The strength reduction factors relating to specific strain limits 
are shown in Fig. 1.06 
The thermal / expansion of steel increases with temperature until 7250C when the 
material undergoes a phase-change in crystal structure, with a marked change in the 
expansion characteristics as the steel absorbs energy and adopts a denser internal 
structure. The thermal expansion used throughout this research is consistent with 
EC3 Part 1.2 and is given by, 
ýý = -2.416 X 
10-4 + 1.2 x 10-5 xt+0.4 X 10-8 
(ts )2 
for 
and, 
110 X 10-3 
for 
and, 
ýý=-6.2xlO-3 +2. OxlO-s xt,, I 
for 
(1.01) 
20*C: 5 t,,: g 750*C 
(1.02) 
7500C<t e8600C 
's , 
(1.03) 
860*C < t. --ý 1200*C 
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where, 
I length at room temperature of the steel member, 
temperature induced-elongation of the steel member, 
ts steel temperature. 
Strength reduction factor 
I 
0.8 
.8 
0.6 
II 
BS5950 Part 8 
0.5% Strain - 
0.4 
0.2 
BS5950 Part 8 
1.5% Strain 
I 
IIIIII 
I i\A'--- EC3 Part 1.2 2% strain 
. 
A. 
-I ....... . ....... - . ......... ... ............. . ..... !.. ---A i 
........... . ....... ...................... ................. . .. 
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I. . -I 
800 
Temperature (*C) 
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Fig. 1.06., Strength reduction factors for structural steel at elevated temperatures. 
The specific heat of steel is defined as the heat stored (in Joules) in a unit mass of 
steel for AOC temperature rise. -. Generally. a constant value of 520J/(kgOC) may be 
assumed for the specific heat of steel, or more accurately up to temperatures of 
7250C the following equation may be used'O: 
C OX10-4ts t2 (W / kg' C) (1.04) 
.9=0.47 
+ 2. +38. Ox1O-8 S 
where, 
Cý, = specific heat of steel, 
t. =temperature of steel. 
Above 7250C the specific heat of steel dses rapidly due to the changes in its internal 
lattice structure. 
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Thermal conductivity. is defined as the amountof heat in unit time (in Watts) which 
passes through a unit cross-sectional area of material for a unit temperature gradient 
For steel this value is very high, being 50 times greater than concrete and 500 times 
greater than vermiculite-cement (which is used as a typical fire protection material). 
Th e thermal conductivity of steel can be taken as 37.5 W/mOC or more accurately 
as'O, 
10-2 ts t2 (W / MOC) k, = 5Z57-154lx -Z155X10-5 a (1.05) 
where, 
K,, = thermal conddctivity of steel, 
.1 t. =temperature of steel. 
Poisson's ratio and the density of steel are almost temperature-independent and are 
taken as 0.3 and 7850 kg/M3 respectively. 
1.2: STRUCTURAL COMPUTER MODELLING. - 
r 
Due to the high cost and physical limitations of furnace testing, it was identified at a 
very early stage that reliable analytical models were required'as a cost effective 
method of obtaining a comprehensive knowledge of the factors which affect members" 
response. Development of modelling techniques, together with limited fire tests on 
simple frameworks13, also highlighted the need to consider restraining effects which 
are encountered in actual steel-framed buildings. 
One of the earliest analyses of steel members in fire was presented by Witteveen14 in 
1967. He estimated the collapse temperatures of steel beams using a plastic analysis 
. 
with tempeýr, 1turq-depqpdent yield stresses. . 
Uniform temperature and. free. thermal.. 
expansion were assumed. In 1972 Marchant's presented an elastic-perfectly plastic 
method for the analysis of frames. Degradation of both the elastic modulus and yield 
stress were included, together with the capability of including a linear temperature 
variaiion't*hrough the cross-s . ecti 
. 
on and the effe 
. 
cts of therma .I exp . ansion. Also in 1972 
Knight16 produced a beam analysis assuming elastic-perfectly plastic stress-strain 
characteristics which degraded with temperature. Within his work he highlighted the 
significant effect of design stress levels at various temperatures, and of restraint 
against thermal expansion, on the predicted failure temperatures of beams. In 1973 
Ossenbruggen, Aggarwal and Culver0 7,18.19) presented a method of analysing axially 
loaded steel columns, subjected to thermal gradients through the cross-section and 
along the length, using Newmark's numerical integration method. Their adopted 
9 
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stress-strain curves were elastic-perfectly pla 
, 
stic and had' been proposed by 
Brockenbrough20. Cheng and Mak2l, in 1975, developed a finite element program for 
the analysis of plane steel frames in fire. Elastic-perfectly plastic stress-strain 
characteristics were assumed and also thermal creep deformations were included. 
Based on the same theory but using different material properties and thermal 
characterises, Furumura and Shinohara22 investigated the behaviour of protected 
isolated columns. A simplified analytical method for beams and beam-columns at 
elevated temperatures was presented by Kruppa23 in 1979. This method assumed 
elastic-perfectly plastic stress-strain characteristics and compared the ultimate stress 
at ambient tempeýature with the stress at an assumed temperature under a given 
load. 
In 1981 Iding and Bresler24 developed a computer program called FASBUSII (Fire 
Analysis of Steel BUilding Systems), which modelled both the steel frame and the 
flooriing system. They adopted a finite element method, with the frame being 
represented by one-dimensional 2-noded elements and the flooring system being 
represented by twd-dimensional 3-noded plate elements. Bi-linear stress-strain 
curves for steel were assumed and considerable variation of material properties and 
temperature through the members could be modelled- Thef first finite element 
analysis of plane frames subjected to fire to include geometrical non-linearity was 
developed by Jain and Ra025 in 1983. The abillity to model creep deformations was 
also included within their analysis. Non-linear material properties of steel at elevated 
temperatures were included within the finite element method by Baba and Nagura in 
198526. The material properties were derived from experimental results, and from 
their analyses it was concluded that non-linear material behaviour could not be 
ignored. 
In 1987 a computer model called CEFICOSS27 (Computer Engineering of FIre design 
of COmposite and Steel Structures) was developed jointly by ARBED-Research, 
Luxembourg and Franssen at The University of Liege, Belgium. The analysis uses 
beam-column finite elements and is capable of analysing two-dimensional semi-rigid 
composite frames. The computer model can also carry out the thermal analysis of the 
steel members using a finite difference method. The model has recently been 
extended by Franssen to include three-dimensional behaviour of frames, but at 
present no published data is available on this area of work. Also in 1987, SharpleS28 
developed a program called ELTEMP. This was based on an original geometrically 
non-linear spread-of-yield program called INSTAF, written by EI-Zanaty and Murray29 
in order to study the two-dimensional behaviour of steel frames at ambient 
10 
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temperature. Sharpies used Ihe pro gram to investigate the behaviour of columns 
subjected to thermal gradients through their cross-section, eccentric loading and any 
initial out-of-straightness. 
Olawale, 30.31 in 1988, developed a finite strip method for the analysis of perfect 
isolated columns in fire. This analysis was based on small-deflection theory and 
considered residual stresses, load eccentricity and local buckling. ' The developed 
program was used to obtain solutions for a wide range of perfect columns. A secant 
stiffness approach for the analysis,, of flexural members was developed by El- 
Rlmawi32A in 1989, using a Ramberg-Osgood representation of the stress-strain data 
ýresented in BS5950 Part B. This program was quickly extended to analyse two- 
dimensional composite frames with semi-rigid joints. 
Following the work by Sharpies, Saab34-35 also extended the program INSTAF to 
include elevated temperature material properties. He used his program to investigate 
the behaviour of plane non-sway and sway. frames in fire conditions, assuming 
various heating and protection' schemes. Recently a three-dimensional semi-rigid 
composite frame analysis called FAUST (Fire And Ultimate load analysis of 
STructures), has been developed at City University, London. The model was 
developed by Jeyarupalingam and Virdi36 and was an extension of the numerical 
method developed by Virdi et a/ 37 for the inelpstic analysis of columns at ambient 
temperature. The method is based on establishing an equilibrium deflected shape 
using the moment-thrust-curvature relation for each increment of load, time or 
temperature. At the Building Research Establishment, Wang et a/ 38 have developed 
a computer model capable of analysing three-dimensional semi-rigid composite steel 
frames at elevated temperatures. Recently Wang extended the program to include 
shell. qie. ments to represent floor. slabs, but at ýhp. present time very. liýtle published 
reporting is available on this work. 
The deyelopments conducted by Saab to the odginal program INSTAF have further 
been extended by Naijar39,40 to include three-dimensional behaviour of steel members 
at elevated temperatures, which also incorporates warping characteristics. NaBars 
program is capable of analysing rigidly jointed three-dimensional bare steel frames. 
Within his formulation every effort was made to retain higher-order terms, resulting in 
a very accurate treatment of geometric non-linearity, together with the capacity to 
allow for considerable variation in cross-sectional properties. The research work 
presented here is based on an extension of Nabar's computer model, and is 
discussed in Chapter 2. 
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2.0 THE DEVELOPMENT OF THE FINITE ELEMENT MODEL. 
The finite element model adopted was originally based on a frame program 
em bodying geometrical non-linearity and spread-of-yield, written by EI-Zanaty and 
MUrray, 29 in order to study the two-dimensional behaviour of steel frames at ambient 
temperature. This program was extended first by Saab34,36 to include elevated 
temperature effects, and more recently by NaBar3g. 40 to analyse three-dimensional 
bare steel frame behaviour. At each development stage extensive validation was 
carded out and documented. This validation showed that the model is very accurate 
for large-deflectioA problems, both tit ambient and elevated temperatures. The 
research work presented here is based on an extension of Nabar's program, to 
include the following capabilities. 
1. The introduction of spring elements to represent semi-rigid connection 
characteristics, which degrade at elevated temperatures. The ability to model the 
unloading characteristics of these connections has also been included. 
2. The facility to place the nodal point at any position on or outside the cross-section, 
which allows -external loads to be placed at any position relative to the beam's 
centrold. This facility will also allow the connection of two-dimensional shell 
elements to one-dimensional beam elements. 
3. An extension of the formulation to include, flexural shear forces, which allows 
lateral-torsional buckling at ambient and elevated temperatures to be modelled. 
4. The inclusion of shell elements to represent the continuous floor slab. 
5. A proper treatment of strain reversal in cooling. 
These extensions constitute the major analytical developments and will be discussed 
in more detail 19 the relevant chapters.. The formulation of the model up to the. 
completion of Najjar's research is not repeated here (although extensions to the 
formulation are shown in relevant chapters). Instead a summary is presented which 
explains the physical mechanics of the model. 
The beam-columns are represented by 2-noded one-dimensional line elements. Each 
node has eight degrees of freedom in local coordinates, which transform into 11 
degrees of freedom in global coordinates, as shown in Fig. 2.01. 
As with any finite element solution of continuum problems, the physical beam length is 
separated into imaginary (finite) elements connected at nodal points. The reference 
axis (and thus the nodal positions) is placed at the centroid of the section, which is 
12 
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Fig 2.0 1: Degrees of freedom in local and global coordinates. 
calculated at ambient temperature and remains static. The displacements of the 
nodal points are the basic unknown parameters of the problem. By adopting the 
displacement field finite element procedure42, which is easier to implement than the 
stress field, interpolation (shape) functions are used to define uniquely the 
displacement of the reference axis within an element bounded by nodal points. This 
model uses standard cubic polynomial interpolation functionS42. Since the 
displacement can be defined at any point on the cross-section within an element, the 
state of strain can also be obtained by using a large displacement-strain equation43. 
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This equation will introduce, by retaining higher order terms, non-linear geometrical 
behaviour within the formulation. Applying the constitutive properties of steel the 
state of stress throughout the member can be calculated, t9gether with the boundary 
(nodal) stresses. As with typical discrete structural analysis, equilibrium is enforced 
between boundary stresses and the externally applied loads. 
The simplest method of enforcing equilibrium at nodal points is to use the Principle of 
Virtual Work, as shown in equation (2.01) 
. 
ýw f q, &z dv - ýQ)[Sq} =0 (2.01) 
v 
where, 
az axial stress, 
&Z virtual axial strain (corresponding to the imposed virtual displacements), 
(Q) row vector of external loads, 
15q} = column vector of imposed virtual displacements. 
Following the standard finite element procedure4l. 42 equation (2.01) results in the 
standard stiffness relationship of, 
[K] {q}={Q} 
where, 
[K] = tangent stiffness matrix, 
{q} = vector of nodal displacements, 
Q} = vector of nodal forces. 
I 
For a non-linear analysis (iterative process) the above equation becomeS43, 
.. . 
[K] fAq}=. fAQ} 
. 
where, 
[Aql = 
fAQ} = 
vector of incremental nodal displacements, 
vector of out-of-balance nodal forces. 
.. . (2.02) 
As can be seen from the virtual work equation a volume integration of the element is 
required. The numerical method ado. Pted is Gaussian Integrationfl, 44, which evaluates 
first the integral over the cross-sectional area (using simple numerical methods) at 
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sampling (Gauss) points, and with the use of weighting factors completes the 
calculation of internal work by integrating along the length of the element. The 
position of the Gauss points, together with the corresponding weighting factors, will 
give the maximum accuracy of the integration possible with the number of sampling 
points used. Within this model four Gauss points are used for each element, and the 
position of these points along the length of the beam together with the weighting 
factors can be. obtained from any good numerical text book41-44. 
Integration over the cross-section results in stress resultants, which can be obtained 
from sectional pr6perties, or more basily for inelastic cases by direct numerical 
integration of the stresses. To allow a considerable variation of stress through the 
cross-section, displacements and strains are defined at 13 points (splitting the section 
into 12 segments) as shown in Fig. 2.02. 
(1) (? ) (4) (5) 
I 
(9) (10) (11) (12)1 (13) 
Fig. 2.02: Positions on the cross-section at which displacements, strains and stresses 
are defined. 
Since an iterative method (Newton-Raphson) is required due to non-linearities, the 
incremental stress resultants are required for the formulation of the tangent stiffness 
matrix. The calculation of' these values requires the sectional and' seCtorial4s. 46 
(warping) properties, which are calculated numerically in relation to the reference axis. 
Material non-linearity enters the formulation via the constitutive. - model, relating strain 
to stress and also specifying the tangent modulus of the material at a specific strain 
value. To calculate the sectional and sectorial properties, taking into account material 
non-linearity, the transformed section concept was used47. This method transforms 
the thickness of each of the twelve segments, shown in Fig. 2.02, based on the 
average tangent modulus of the material within the segment, thus creating an 
equivalent elastic cross-section. This is shown more clearly in equation (2.03). 
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b, t =Eb t E 
where, 
bt transformed thickness of the segment, r 
Et average tangent modulus of the material within the segment, 
br original thickness of the segment, 
E= original Young's Modulus of the material within the segment. 
(2.03) 
One of the assumptions adopted witN. n the formulation is the requirement of placing 
external loads at nodal positions only. It was found in the validation of inelastic 
behaviour carried out by EI-Zanaty and Murray29 that the spread of yield in the 
proximity of nodal areas was not reflected in the element tangent stiffness, due to the 
distribution of the four Gauss points used in the numerical integration. It was found 
that better results were obtained by subdividing the member into three elements, with 
the central element being 80% of the length of the member. This results in the two 
outer elements havigg four Gauss points which are clustered near the nodal position 
causing inelastic strains to be incorporated within the element stiffness matrix when 
they occur. An element stiffness matrix is then formed by applying a static 
condensation scheme to eliminate the internal degrees 6'f freedom created by this 
sub-division. The element stiffness matrix is then transformed from local to global 
coordinates, and using the direct stiffness method the contribution from the element is 
included within the structural stiffness matrix. The above procedure is basically 
automating the requirement of refining the size of the elements in areas of high stress 
gradients. However care is still required (as with all finite element models) by the user 
when defining the element layout, especially in areas where these high stress 
gradients are expected. 
Since the model is highly non-linear an iterative process is required to obtain 
equilibrium. The basic Newton-Raphson method has been used and is summarised 
below.. 
1. With reference to Fig. 2.03 consider the analysis at 20 OC. At the first iteration the 
total displacements throughout the structure are zero, resulting in zero internal 
forces and an elastic stiffness matrix based on the sectional properties. 
2. The equation, 
[A q} = [Krl{AQ} (2.04) 
is solved, where J, &Q} is the vector of out-of-balance forces, which for the first 
iteration at 20 OC corresponds to the external loads. 
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Fig. 2.03: Newton-Raphson procedure. 
3. The incremental displacements are added to the total displacements, defining the 
state of strain throughout the member. The out-of-balance forces are calculated 
together with the tangent stiffness matrix. Equation (2.04) is once again solved for 
incremental displacements. These are then added to the total displacements and 
the process repeated until the incremental displacements and unbalanced forces 
are small enough. 
The same procedure is adopted when the temperature of the section increases, 
except for the inclusion of thermal effects which are explained below. It should be 
noted that the displacements calculated from the previous analysis at equilibrium are 
used as a 'starting point! for the solution sequence. 
For ease of explanation of the inclusion of thermal effects into the model consider the 
example of a simply supported beam, which could either be unrestrained or restrained 
against axial movement and has a point load at mid-span. Consider first the 
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unrestrained case. At ambient temperature the. iterative structural analysis is carried 
out and at equilibrium the total displacements are obtained. With the external load on 
the beam remaining constant the temperature is increased in a pre-determined 
fashion, which for this example is assumed to be represented by the profile shown in 
Fig. 2.04. 
---I 
f 
T 
Fig. 2.04: Temperature proffle adopted. 
For the first iteration of the analysis carried out at this stated temperature profile, the 
total displacements (obtained from the previous analysis) are used to define the state 
of strain throughout the member. Thermal strains are calculated, based on the 
temperature profile and added as mechanical strains of the opposite sign, as shown 
in Fig. 2.05. 
L_J 
(1) 
/ 
(+) 
(2) 
(1). Strain profile based on the displacements calculated from the previous analysis. 
(2) Strain profile (of the opposite sign) caused by thermal effects. 
Fla. 2.05. The addition of thennal strains on the first iteration. 
Now the unbalanced force is calculated from, 
IA Q} '-: 
I Qapplled - Pintemal - Q---l 
I (2.05) 
and solving equation (2.04) produces incremental displacements which include 
thermally induced displacements. The sign of thermally induced axial displacements 
will change to the correct one (expansion) due to the negative sign of the unbalanced 
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thermal forces. These incremental displacements are added to the total 
displacements which are then used to define the state of strain in the next iteration. 
Therefore for equilibrium of internal and external forces to occur the thermal strains 
must be removed from the state of strain calculated from the total displacements 
(which include thermally induced displacements) in successive iterations. For the 
restrained case the same procedure is followed, except that, in the first iteration, when 
thermal strains are added as mechanical strains the resulting displacements are 
prevented by the relevant boundary conditions. On successive iterations, when 
thermal strains are removed from 
' 
the strain state (calculated based on total 
displacements) lntýmal thermal forces 'are induced into the member. 
.1 
For the next increase in temperature (say from T2 to T) the same procedure 
explained above is followed. On the first iteration for the analysis at temperature T3 
the total state of strain is calculated from the total displacements obtained from the 
previous analysis at temperature T2 which contain any free thermal displacements. 
The thermal strains resulting from T2 are removed from the total strains, leaving only 
mechanical strains. r The incremental thermal strains resulting from the rise in 
temperature from T2 to T3 are then added (as before) as mechanical strains of the 
opposite sign. This results in calculation of the incremental displacements which will 
include the additional thermally induced displacements caused by the rise in 
temperature from T2 to T3. These incremental displacements are added to the total 
displacements, which now include the total thermal displacements, and so thermal 
strains must be removed on successive iterations to ensure equilibrium. As explained 
above, if the beam is restrained the thermal displacements are prevented thus 
removing thermal strains on successive iterations results in internal thermal forces. 
2.1: IDENTIFICATION OF STRUCTURAL FAILURE BY THE 
COMPUTER MODEL. 
2.11: CONVERGENCE CRITERIA. 
Two convergence criteria based on incremental displacements and out-of-balance 
forces are used within the model to check if the numerical solution has been obtained 
within specified tolerances, so that the iterative process can be terminated. The first 
convergence criterion consists of a check on the incremental displacements, which 
should become progressively smaller as the iterations increase and the true solution 
is approached. This displacement convergence criterion is given 41.43.413 by, 
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llAqll 
2 -.:! ý TO L llq + Aql2 
(2.06) 
where, jjAqjj, is the norm vector of the incremental displacements. given by, 
dic 
JjAqI12 {qi }2 (2.07) 
. \, 1.1 
Note that n is the number of elements in the vector, which corresponds to the number 
of degrees-of-freedom, and jjq + Aq 112 is the norm vector of total displacements, 
(updated for each iteration) given by, 
=( 
([qj'j + [Aqj 
})2 jjq + AqI12 2: (2.08) 
and TOU is the tolerance specified. 
The second criterion consists of a check on convergence of the out-of-balance forces 
which is given 41,43,48 by, 
II{Q,, t, nw1 
I- f9ihternal}112 
-5 TOL IfQextemaI1112 r- (2.09) 
where, II[Q9x1erna1}--{Q., 1ema11II2 is the norm vector of the out-of-balance forces given by, 
II1QSxfema1} 
(n_I 
Qwntemaj) 1)2 
'V2 
(2.10) -{Q1nteMa1'112' ý(191(extemaj 
and Q is the norm vector of the externally applied forces, given by, III Oxt0mall 
I 
-ý 
(n 1 
) V2 
Care is required when specifying the tolerance limits in using the above convergence 
criteria. If the tolerance is too loose inaccurate results are obtained, whereas if the 
tolerance is too tight numerous extra iterations are carried out to obtain an 
unjustifiable increase in numerical accuracy for a process which is inherently 
approximate. 
2.12: TERMINATION OF THE MODEL DUE TO IDENTIFICATION OF STRUCTURAL 
FAILURE. 
For each iteration the linear equation (2-02) has to be solved for incremental 
displacements, which is carried out using Gaussian Elimination. Each step of the 
Gaussian Elimination can be physically interpreted as the relaxation of a constraint on 
the structure4l, where the constraint at any step corresponds to a degree of freedom 
being eliminated. Therefore the remaining coefficient matrix at any stage is the 
1=1 
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stiffness matrix of the structure with the constraints corresponding to the eliminated 
equations relaxed. If any of the diagonal terms of this remaining matrix are negative, 
the structure must be unstable. Thus the program is terminated if a n9gative number 
appears on the leading diagonal of the stiffness matrix, and the critical value, which in 
this case is in terms of temperature, is assumed to be reached. To ensure that the 
correct failure point is achieved calculation of the stiffness matrix must be correct and 
small changes, in temperature must be adopted near the failure point. 
Load 
r 
Tangent stiffness matrix updated 
during iteration process. 
N 
Displacements 
Equilibrium position from temperature step Tn 
Fig. 2.06., Newton-Raphson procedure in the proximity of structural failure. 
An automatic procedure is implemented within the model to refine the incremental 
increase in temperature when the structural failure point is approached. This 
procedure is required to ensure that 'true' failure is identified, and that termination of 
the analysis due to numerical failure (which could be caused by a large increase in 
temperature) is not encountered. From the start of the analysis the temperature is 
increased in increments specified by the user (usually 50-1001C). At some stage the 
program will indicate a negative number on the diagonal of the stiffness matrix. This 
is shown in Fig. 2.06 as occurring at temperature Tr,,,. However since a more 
accurate prediction of failure temperature (within the approximations of the model) is 
required, and to ensure that numerical instability does not occur at temperature T, +,, 
the incremental increase of temperature from the last recorded equilibrium position at 
T,, is reduced to 10% of the original increment. The analysis then continues from T. 
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until a negative number once again appears on the diagonal of the stiffness matrix. If 
numerical instability originally occurred at Tn, l then the analysis will continue past this 
temperature using the reduced increment. The process of returning to the last 
recorded equilibrium position and reducing the temperature increment to 10 % Is 
repeated each time failure occurs, until the temperature increment is equal to or less 
than 0.10C. 
2.13: EXTENSION OF THE MODEL TO INCLUDE THE MODIFIED NEVVTON- 
RAPHSON ITERATIVE TECHNIQUE. 
f 
An alternative iterative technique based on the Modified Newton-Raphson method 
was included within the model by the author. The basic modified method consists of 
using the stiffness matrix calculated during the first iteration of the analysis for all 
successive iterations until equilibrium is reached, as shown in Fig. 2.07. Using this 
technique, termination of the analysis occurs by divergence of either the out-of- 
balance forces or the incremental displacements. Although savings in computational 
terms are achieved by the need to calculate the stiffness matrix only once, the 
number of iterations required by this method to reach equilibrium is greatly increased. 
The advantage of the modified version of the method is that, as the limit point in the 
force-displacement relationship is approached, the 'zone of attraction' for equilibrium 
is frequently increased43. I 
Load 
The stiffness matrix is calculated 
on the first iteration and remains 
constant until equilibrium is reached 
Extemal load 
Deflecbon 
Fig. 2.07: Modified Newton-Raphson procedure. 
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Following the standard procedure of the Modified Newton-Raphson method the 
stiffness matrix calculated on the first iteration of each analysis for a stated 
temperature profile should be kept constant until either equilibrium or failure, identified 
by divergence, occurs. However within the model the stiffness matrix calculated 
during the first iteration is based on total displacements which include any incremental 
displacements induced by thermal effects. It was therefore proposed to continue to 
calculate the stiffness matrix on the second iteration (where these thermal effects are 
removed) and then keep this constant throughout the analysis. A possible alternative 
to overcome the problem of thermal 
I 
effects when using this iterative method is to 
keep the stiffnessý matrix calculated . on the first iteration at ambient temperature 
(which is the elastic stiffness matrix) constant throughout the rise in temperature. 
However it was found that, due to the high non-lineadties typically encountered in 
elevated temperature analyses of structures, the number of iterations needed to reach 
equilibrium became very large and impractical even for small structural problems. It 
was therefore *decided: to' 6andon this option and limit the method to keeping the 
stiffness matrix calculated on the second iteration constant, for each analysis during 
the rise in temperatdre. 
2.14: COMPARISON OF NEWTON-RAPHSON PROCEDURES. * 
To compare the two methods of solution the pir)-ended strut shown in Fig. 2.08 was 
analysed. The strut was subjected to a load ratio of 0.6 (in terms of BS5950, Part 
149), and had an initial imperfection of length/1000 at mid-height in both positive 
directions of the displacement axes. 
1283.46 M 
4f 
A 
(+ve) 
U 
254 x 89 UC 
(uniformly heated) 
A 
31 
4185 mm 
2f Section A-A. 
2 
Cý 20 275 N/mm 
E 2o 205 kN/mm 
Fig. 2.08: Example used to compare the Modified and odginal Newton-Raphson 
methods. 
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Th. e strut was uniformly heated with an initial incremental increase in temperature of 
500C. The results are presented in tabular form to show the progress of the analyses 
as the failure point is approached. 
to 
PROGRAM 
Temp. Newton Raphson Modified Newton-Raphson 
. ()c Iterations &Vrl Awl' Iterations AV. Awl 
20 4 -2.31 1.19 4 -2.31 1.19 
50 3 -0.76 1.19 3 -0.76 1.19 
100 3 1.87 1.19 3 1.87 1.19 
150 3 4.50 1.25 3 4.50 1.25 
200 3 7.20 1.31 3 7.20 1.31 
250 3 9.97 1.39 3 9.97 1.39 
300 4 12.77 
_ 1.77 4 12.77 1.77 
350 5 15.47 3.03 6 15.47 3.03 
400 5 18.38 3.59 6 18.38 3.59 
450 9 20.32 11.95 12 1 20.32 1 11.95 
500 'Failed' 'Failed' 
455 10 20.17 16.68 13 20.17 16.68 
460 
455.5 8 20.11 17.70 9 1 20.11 17.70 
456.0 12 1 20.00 1 19.27 14 20.00 19.27 
456.5 'Failed' 'Failed' 
456.05 10 19.98 19.51 11 19.98 19.51_ 
456.10 12 19.96 19.78 12 19.96 19.78 
456.15 19.93 20.10 14 19.93 20.10 
456.20 17 19.89 20.52 18 19.89 1 20.52 
456.25 44 
1 19.82 1 21.34 1 bb 19.82_ 21.3 
456.30 'Failed' 
I 'Failed' 
Within the table of results the following notation is adopted, 
Av5 displacement in the Vdirection at node 5, 
Aw3 displacement in the Vdirection at node 3. 
Table 2.0 1: Results from the Modified and odginal Newton-Raphson iterative 
techniques used when analysing the example in Fig. 2.08. 
As. can be seen from the results presented. both programs, using different iterative 
techniques, produced exactly the same results. As expected the Modified Newton- 
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Raphson method used more Iterations as the failure (limit) p, oint was approached. 
The mode of failu 
* 
re for the above example consists of out-of-plane buckling, which is 
highlighted in Table 2.01 by a rapid increase in the rate of out-of-plane displacement 
as the failure point is approached. 
In the methods of solution presented within this chapter, collapse of the structure is 
assumed when failure of the iterative solution process occurs. In the case of the 
Newton-Raphson method this occurs when the stiffness matrix develops a negative 
number on the diagonal during the Gaussian Elimination procedure. For the Modified 
Newton-Raphson ýnethod failure is idbntified when divergence of the out-of-balance 
forces or incremental displacements occur. Every effort has been made, using these 
methods, to ensure that these collapse loads correspond to the limit points on, the 
load-displacement curve for the structure in question. This is achieved by continually 
refining the increment in temperature profile as the limit point is approached. 
However the only unquestionable method of ensuring that the limit point has been 
achieved, and that Premature structural instability has not occurred due to failure of 
the iterative process, is to continue the analysis past the limit point. Numerous 
techniques (the most common are the Arc-Length methodsP) have been developed at 
ambient temperature to allow the analysis to continue beyond a limit point. 
Development of such techniques to allow elevated temperature analysis beyond 
instability is out of the scope of this Ph. D. project. 
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3.0: THE INFLUENCE OF STEEL CONNECTIONS ON FRAME 
BEHAVIOUR AT ELEVATED TEMPERATURES. 
dA Rigid, semi-rigid or simple design methods can be used when analysing steel frame 
buildingS49. The rigid design method assumes that the connection stiffness is 
sufficient to maintain full slope continuity between adjoining members, with full 
transfer of moment across the connection. This method is used typically for the 
design of single-storey portal frames and in-situ concrete frames, but due to the cost 
of ensuring rigid connections the method is not usually employed in the design of 
multi-storey steel fýamed buildings. In the semi-rigid design method the true flexural 
ýehavlour 
of the connection is considered, which is represented by the relationship 
between the moment transmitted by the connection and the relative rotation between 
adjoining members. Considerable research has been perform eds'. 52.53.54.55 at ambient 
temperature into the structural characteristics of different connection details, and their 
effect on frame behaviour. In a typical multi-storey building the main steel-to-steel 
connections encountered are beam-to-column -flange (major axis), beam-to-column 
web (minor axis), an'd beam-to-beam. The physical type of connection can vary, with 
the most commonly used being extended, flush and partial end-plates, fin plates and 
web cleats. The actual behaviour of each type of connection will'depend on the plate 
thickness, bolt or/and weld arrangement and the sizes of the connecting members. 
Therefore due to the large assortment of connections which can be used, together 
with the increase in complication of the analysis, practising engineers tend to ignore 
this method of design. In the simple design method pinned connections are assumed 
to resist shear only with lateral stability being obtained by vertical bracing or concrete 
shear walls. Multi-storey buildings tend to be designed using this method due to its 
simplicity. 
A reserve of strength and stiffness in simply designed multi-storey buildings will be 
provided by the actual flexural rigidity of the connections, which can be utillsed when 
analysing frame behaviour in fire conditions. The failure temperatures of beams 
(defined in terms of a limit on deflection or rate of deflectioný will be increased, as 
shown in Fig. 3.01, by the rigidity of the connections provided that the'adjoining 
members can withstand the transfer of moment. Previously published research56,57 
has stated that no evidence exists at elevated temperatures that connections are the 
weak link in the design of frames, and although addiUonal forces may develop in the 
connection caused by the restraint to thermal expansion, premature failure of the 
connection is not expected. This is mainly due to connections being at a lower 
temperature than the surrounding members due to the 'massivity' of-the plates and 
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Ißt 
bolts. 
.. 
Although the author agrees with these observations o n* the performance of 
connections during the fire, questlions must be asked about the behaviour during 
cooling. If a beam which is restrained from thermal expansion begins to cool, from an 
inelastic state, it will pull on the surrounding structure inducing high tensile forces 
which could cause the bolts in the connections to snap. This type of behaviour will be 
more important in an end-plate type of connection, as observed at the first fire test 
conducted -on the eight-storey test frame at Cardington. Documentation on this test is 
confidential and unavailable at this time. A more detailed investigation on the 
behaviour of frames during the cooling phase will be presented in Chapter 7. To allow 
the Influence of thý behaviour of connbctions in simply designed frames to be studied 
(until the cooling phase is reached in a fire) the model was extended to incorporate 
spring elements, which can represent the characteristics of any specific connection. 
Connection 
moment - .... - .. - ------------------- 
Free 
Bending moment diagram in fire 
Fig. 3.0 1: Re-distribution of moment in simply-supported beams in fire conditions. 
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3.1: DEVELOPMENT AND INCLUSION OF SPRING ELEMENTS 
INTO THE MODEL 
dA To allow the characteristics of semi-rigid connections to be modelled a two-noded 
spring element of zero length, with eight degrees of freedom in local coordinates (as 
shown in Fig. 3.02) was included within the model. Using the standard transformation 
matrix within the model, the spring element will have eleven degrees of freedom In 
global coordinates corresponding to the existing beam-column element, which is 
shown in Fig. 2.01. 
Spring element of 
zero length 
-- 
-- 
1ý 
I 
Fig. 3.02: Degrees of freedom for the spring element in local coordinates. 
The spring element is very versatile and can be placed at any position within the 
frame since in-plane, out-of-plane, torsion, warping and translational displacements 
are. represented... The eight. degrges of freedom Q9. local coordinates) were! modplied 
independently creating a stiffness matrix as shown in Fig. 3.03. Each of the degrees 
of freedom can be represented by an independently specified moment-rotation (or 
force-displacement) relationship. 
3.2: MODELLING SEMI-RIGID CONNECTIONS AT ELEVATED 
TEMPERATURES. 
To model the behaviour of semi-rigid frames in fire, the moment-rotation 
characteristics of the connections at various temperatures need to be known. 
Although a vast collection of experimental data exists for joint characteristics at 
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ýa 
ambient temperature's-59, very little has been published for higo-tempprature 
behaviour. However a series of twelve tests was cond ucted by the Steel Construction 
Institute and British SteeJ57 to investigate the behaviour of a range of typical 
connection types in fire. The tests were carried out on small cruciform assemblies of 
column (203x2O3x52UC) and beam (305x165x40UB) stubs, and heated according to 
the standard fire curve7. Equal moments were applied to the connections by a 
symmetrical arrangement of loads, which remained constant during the test, with the 
rotation being measured at various temperatures. The results produced were in a 
simplified form, 57 largely for use by structural designers. Since only one test per joint 
configuration was conducted it was inipossible to obtain a family of moment-rotation- 
temperature curves for any single connection. To obtain these curves a significant 
number of fire tests would have to be conducted on similar joint configurations at 
different load levels . 
However preliminary research has been conducted by El- 
Rimawl et a/ 60 into the influence of semi-rigid connections, using a two-dimensional 
frame analysis program called NARR232. To allow this preliminary investigation 
postulated moment-rotation-temperature curves were constructed from the available 
data on one of these' tests, which consisted of an extended end-plate connecting the 
beam to the flange of the column (major axis). These curves are reproduced in Fig. 
3.04 and are represented by a Ramberg-Osgood type of expression given by, 
pr=ýi+0.01 
M 
A 
(B 
where, 
or= 
M= 
relative rotation (rads/1000), 
moment (kNm), 
I (3.01) 
A, B, n= temperature-dependent factors shown in Table 3.01. 
At'any arbitrary rotation the moment can be obtained from equation (3.01) by applying 
an iterative technique. The tangent stiffness can be evaluated by differentiating M 
with respect to 0 producing, 
dM 
n-1 
-! + 0.0 1 A(BB 
M) 
(3.02) 
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Moment (kNm) 
120 
" 100 
so 
60 
' 40 
20 
0 
20 C 
200 0C 
.......... ......... ....... ............... ............ 
0 300 c 
0 Soo c 
.......... 
-------------- --- 
5 
........... 
50 0c 
6 500 c 
............. ...... . ........ . ........ ...... . .... . 
so c 
......... . .... ................ . .. ......................... .... . .............. 
0 0.02 
r 
0.04 0.06 '0.08 0.1 0.12 0.14 
Reiadve rotaUon (Rads) 
Fig. 3.04: Postulated moment-rotation curves at increasing temperature based on an 
extended end-plate connection used in one of the tests conducted by Steel 
Construction Institute and British Steel`57ý 
Temperature. Equation parameters. 
range. A B n 
<= 50 28.75 49.33 11.08 
100 24.38 50.71 11.45 
150 22.5 49.36 11.56 
200 : 19.5 51.61 12.40 
250 15.9 49.73 11.93 
300 13.0 50.85 13.11 
350 10.0 46.19 12.11 
400 8.13 41.79 11.06 
450 7.10 34.19 9.06 
500 6.00 23.49 6.68 
550 4.50 17.62 6.68 
950=>T=>600 f(900-1)/350lx4.5 {(900ý[)/3501x17.6 6.68 
Table 3.0 1: Temperature-dependent factors for an extended 6nd-plate connection 
used in one of the tests conducted by Steel Construction lhstfiute and Bfitish Steel. 
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At 
The above characteristics can be used to model in-plane bending only. Since axial 
and shearing displacements are considered small. compared to rotations infinite 
. 
stiffnesses are assumed between the nodes of the spring element for these degrees 
of freedom. Very little information has been published about out-of-plane, torsional 
and warping deformations, and although the program is capable of modelling all these 
connection characteristics the studies conducted here are limited to two-dimensional 
behaviour. I 
3.3: VALIDATION OF THE INCLUSION OF SEMI-RIGID 
f CONNECTIONS INTO THE MODEL. 
The plane frame shown in Fig. 3.05 was modelled at elevated temperatures and 
compared against the results produced by the existing program NARR260, which has 
been extensively validated against experimental results and other computer models. 
All the members shown in Fig. 3.05, which are grade 43 steel, were uniformly heated 
at the same rate, except the connections which -were assumed to be at 0.7 times the 
temperature of the' bottom flange of the connecting beam. Moment-rotation- 
temperature characteristics were created in this example by scaling down both the 
stiffness and strength of the extended end-plate, whose characteristics are shown in 
Table 3.01, by 50%. This involved scaling down the factors A and B shown in 
equation (3.01). The vertical deflection of node., 6 (centre of the beam) and node 3 
(head of the column) are shown in Fig. 3.06, and indicate a very good correlation 
between the two models. 
3 No. loads at 34.925 
(5) (6) (7) (8) 
Connection scaled 
to 50% of the 
extended end-plate 
shown in Table 3.01 
7ý 
All loads are in Mm. All dimensions are in mm 
SIR represents semi-rigid connection. 
All members are heated uniformly and at the same rate. 
22 275 N/mrn E 205 kNImrn y2O 20 
Fig. 3.05., Example used to validate the model against NAAR2. 
z 
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Vertical displacement (mm) 
20 1 
Failure temperature 11 
10 --ý 
At 
-60 0 New model 
-70 
10 
NAAR2 
-bu --ý 
I 
-90 0 50 100 150 200 250 300 350 40 450 500 560 600 
Temperature ("C) 
Fig. 3.06., Compadson between the new model and NARR2 programs for the example 
shown in Fig. 3.05. 
1 
Apart from very similar results being obtained from the two models Fig. 3.06 indicates, 
by a sudden decrease in vertical displacement at node 3, that failure was mainly due 
to the column. To demonstrate that this failure was caused by in-plane buckling of 
the column (since only two-dimensional behaviour was modelled) the horizontal 
displacement of node 2 calculated by the model is shown in Fig. 3.07. It can be seen 
that *the rate of this displacement increa! ses rapidly as the failure temperature of 
5840C is approached. 
3.4: PRELIMINARY INVESTIGATION INTO THE INFLUENCE OF 
SEMI-RIGID CONNECTIONS ON ELEMENTS AND SUB- 
FRAMES AT ELEVATED TEMPERATURES. 
3.41: SIMPLE BEAM ELEMENTS. 
The beam of size 305x165x4OUB and grade 43 steel, shown in Fig. 3.08, was loaded 
at the quarter points producing a load ratio of 0.6, according to BS5950 Part 149. 
Different end restraints were considered, consisting of pinned, fully rigid, and 25%, 
50%, 75% and 100% scaling of both the stiffness and strength of the extended end- 
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plate characteristics shown in Table 3.01. The beam Is assumed to be uniformly 
heated, with the temperature in the connection being 0.7 times the beam temperature. 
.6 
0 
Tempearture (*C) 
5P 19 1ý0 290 2ýO 390 3ýO 490 4§0 590 5ýO 600 
Failure temperature 
-10 -ý 
f 
.6 
f 
= 584 OC 
Fig. 3.07., Hofizontal displacement at column mid-height 
Since simple element design has been used, the increase in survival time of the beam 
will be overestimated (except in the pinned case) due to the assumption of infinitely 
stiff columns. The results of the analysis, together with the specified limiting 
temperature in BS5950 Part 85 for a uniformly heated simply' supported beam, are 
indicated In Fig. 3.08. The model predicts that this failure will occur at a mid-span 
displacement of span/20. which corresponds to the failure criterion for a standard fire 
test7. It can clearly be seen from the results that the survival time of the beam Is 
increased if the rigidity of the semi-rigid joint, which was not utilised in ambient 
temperature design, Is considered In fire conditions. For this type of connection 
(based on the extended end-plate) very little difference was indicated between the 
75% and 100% rigidities and the fully rigid connection, indicating that the modelled 
connection Is actually fairly rigid. 
-20 -ý 
-30 - 
-40 -ý 
-50 -ý 
-60 
I 
Horizontal displacement (mm) 
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dki 
Mid-span deflection (mm) . 
0 
,, 75% 
in Table 3.01 
end-plate shown, 50% 
of extended 
Scaled 
charactedstics 
3 No. loads at 44.928 kN 
(load rafio = 0.6) 
ý-Failure temperature 
I specified in BS 5950 
. 1,000 -d : 
I"I 
-1,100 -ý 
Pt 8. 
-1,3 00 11111-IIII111111 
0 50 100 150 200 250 300 350 400 450 500 550 600 650 700 750 800 
Temperature (*C) 
305xl65x4OUB I kN I 
1375 1375 *1375 * 1375 
-1,200 - 
L- Spring element of zero lengh 
Cy y2O = 275 N/mm 
22 
E20 = 205 kN/mm 
Fig. 3.08: Effect of semi-figid connections on beams at elevated temperatures. 
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dig 
From the modelling point of view it is of interest to note the recoided displacement just 
before termination of the analysis, which indicates structural failure. The largest mid- 
span displacement was recorded for the simple beam, and progressively became 
smaller as the joint rigidity increased. Since no buckling can occur in this example 
due to the absence of axial forces and the two-dimensional nature of the analysis, 
termination will occur by divergence of the out-of-balance forces. For the simple 
beam, as the temperature increases and the force-displacement relationship becomes 
very curvilinear the deformations become very large as spread of yield through the 
cross-section increases. Eventually equilibrium cannot be obtained between internal 41 
and external forces when the plastic* hinge is complete, causing termination of the 
analysis. In the indeterminate case of the rigidly connected beam, the mid-span 
displacements are reduced due to support moments until spread"of yield through the 
cross-section has occurred at a significant number of points along the beam, causing 
loss of equilibrium between internal and external forces and forming a mechanism. 
3.42: Sub-frames. 
The previous beam 'was re-analýsed as part of an internal sub-frame, as shown in Fig. 
3.09. An axial load was applied to the column which, together with the reactions from 
the beams, produced a load ratio of 0.3 as defined in BSE950 Part 85. The adjoining 
beams and their respective connections are assumed to remain cold, together with 
the columns above. The beam itself and the lower columns were heated uniformly at 
the same rate, with the connections being heated at 0.7 times this temperature. 
Exactly the same range of joint rigidities was considered, and the results are shown in 
Fig. 3.10. 
As can be seen from the results, the mid-span displacements for the sub-frame are 
slightly different from those produced for isolated element design, which are shown in 
Fig. 3.08. When pinned connections are used in the sub-frame, and if span/20 is 
adopted as the failure criterion, then the model predicts a lower failure temperature 
compared to BS5950 Part 84, which is based on simple element design. The lower 
failure temperature calculated for the sub-frame is due to axial forces being induced in 
the beam, caused by the restraint of the columns against thermal expansion. 
Although these axial forces are small (a maximum of 5.7 kN was recorded) the 
magnitude of the displacements, and thus the lever arm to this force, is such that it 
will increase the overall mid-span displacement. 
For the 25% and 50% scaled connection rigidity the failure temperature is increased 
compare'd to the pinned connection. If a comparison is made vVith the isolated beam 
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analysis, the mid-span displacements are slightly greater (as explained for the pinned 
case) due to the induction of axial forces into the beam. Above the 50% scale the 
mid-span deflection does not exceed span/20 and failure was due to the column, 
which could not support the applied load at the failure temperature. Column failure Is 
due to in-plane buckling (since only two-dimensional analysis is being used) with the 
lateral displacement at mid-height of the column shown in Fig. 3.11, for the examples 
where the rigid, 100% and 75% scaled connections were used. This sub-frame 
analysis shows that even with a very low load ratio on the column (0.3) failure can be 
initiated either by the beam or column, depending on the rigidity of the connection. 
IPA 
I 
234.27 
4 
234.27 
4500 
I 
22.46 44.93 
loll 
I 
SR, 
1375; 1375 
: 4ý 7. 
, 
b) 
6 (ýf 
0 
0 
4500 
. 
A7 
-'-*-'-*-* *-*-*-, -, -*-*, 
All loads are in M. 
All dimensions are in mm. 
All heated members are uniformly heated at the same rate. 
SR represents a semi-rigid connection. 
Fig. 3.09: Example used to investigate the effect of semi-rigid connections on frame 
behaviour 
0 
3 No. loads at 44.93 1 44.93 22.46 
SR 
II 
II, rII 1t 
1375 1375 1375 1375 ý 1375 : 1375 
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Relative displacement of node 20 (mm) Failure temperature 
specified in BS 5950 0 
Pt. 8 
49 
characteristics 
of extended 
end-plate 
shown in 
Table 3.01 
IIIIIIIIIIIIIIII 
0 50 100 150 200 250 300 350 400 450 500 550 600 650 700 750 800 
Temperature (*C) 
Fig. 3.10: Effect of semi-rigid connections on sub-frames at elevated temperatures. 
-100 --ý 
-200 --ý 
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Ali 
Lateral displacement at node 10 (mm) 
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44 Failure temperature specified--ý 
in BS 5950 Pt 8 
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32 - 
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11 75% scale 
0 100% scale 
A Rigid 
f 
IIII 
0 50 100 1ý0 260 260 360 360 460-4ý0 560 560 660 660 760 7ýO 800 
r Temperature ("C) 
Fig 3.11: Lateral deflection of the columns for the sub-frames using 75%, 100% and 
tigid connections. 
f 
Only a very limited study has been conducted into the effect of semi-rigid connections 
at elevated temperatures. This is due to the absence of experimental data for 
connection behaviour during a rise in temperature, which will allow the moment- 
rotation-temperature characteristics to be specified. The model has been developed 
so that these characteristics can be implemented very easily when they become 
available. It has been decided to suspend a comprehensive parametric study until 
credible moment-rotation-temperature characteristics of a connection are obtained, 
thus making the exercise worthwhile instead of purely academic. 
3.5: MODELLING THE UNLOADING OF 8EMI-RIGID 
CONNECTIONS. 
If a connection goes through a relative rotation so that the inelastic phase is entered 
and then a reversal in relative rotation is experienced, the unloading path separates 
from the loading path of the moment-rotation relationship. Unloading of connections 
can occur due to the deflection of columns, as shown in Fig. 3.13, or in the case of 
sway frames due to the application of lateral loads. If a connection unloads from a 
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post-yield state then the unloading stiffness is higher than the local tangent stiffness. 
To allow a preliminary Investigation into the unloading behaviour of connections in fire. 
the bilinear unloading curve as shown in Fig. 3.12 was implemented within the 
computer model. The yield point (Mj was assumed to occur at the proportional limit 
of the moment-rotation curve. This curve was based on the work by Gerstle6l. 62, who 
devised unloading curves from experimental observations. A more comprehensive 
unloading model has been implemented into the program for strain-reversal Within a 
beam-column element, to invesfigate the steel behaviour during the cooling phase of 
a fire. This will be discussed in Chapter 7. 
Moment Unloadina 
sti ness (KI) 
2ME 
I 
Fig. 3.12: Moment-rotation characteristics for loading and unloading of a connection. 
/ý- Possible deformation ', 
t 
1! of frame %, 
IýoUl 11 lt:: L; LIUI I 
unloads 
, zz b6-d 
-C 
VT 
Connection loads 
Fig 3.13: Possible deformation of frame causing unloading of connections. 
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3.6: VALIDATION OF UNLOADING CHARACTERISTICS FOR 
SEMI-RIGID CONNECTIONS AT AMBIENT TEMPERATURE. 
dki The program was first verified at ambient temperature, using connections scaled to 
25% of the strength and stiffness of the extended end-plate characteristics shown in 
Table 3.01. A bi-linear representation of the moment-rotation relationship of these 
characteristics, was adopted as-shown in Fig. 3.14 to allow manual calculations to be 
conducted as a check. 
Moment 
,a 
K2 
K, = 7.18 xlo3kNm/rad 
ME 24.0 kNm 
Mun Moment at which unloading begins. 
2M 
V. 
K2 = 43.44 kNm/rad 
OE = 3.34 x 10-3 rad 
Equation of curve with gradient K2 is given by, M=43.44 (0) + 23.76 
R. g. 3.14: Moment-rotation curve for connection used in the T-frame 
shown in Fig. 3.15. 
A two-dimensional T-frame, which incorporated a very slender column as shown in 
Fig. 3.15, was chosen as a verification example. The 203x2O3x52UC (grade 43) 
column had an initial imperfection of U1000 (12mm) at mid-height. During the 
analysis the beam loads were applied and remained constant, while the column axial 
load was increased in increments. It was noted that the left hand connection 
unloaded, while the right hand connection loaded, as the column axial load increased. 
Two analyses were conducted, the former adopting an unloading path which retraces 
the loading path using the tangent stiffness, and the second using an unloading path 
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with a stiffness equal to the initial stiffness. . The corresponding 
load-deflection 
relationships for the column are shown in Fig. 3.16.. A Southwell plot shown in Fig. 
3.17, was also constructed to allow the elastic critical load to be estimated by 
calculating the reciprocal of the slope of the best fit line. 
2000 
4 
2000 
4 
2000 
4 
2000 2000.20QO 
COlumn 10ad increased 
in increaments 
50 50 f. 10 50 50 
if (5 4.4 11- (9) 
(2) (3) (4) (7) -(8) 
-ý --A A ^- -^A 
II r-b 
/ 
z04X-1 40xa 1u0j 1-1 x 
.-.... 1 3000 soemi; ri? id 
c, I c nn c ions 
203x2O3x52UC 1. 
f 
numbers 
U1000 
Imperfection 
Node 
. ýA. 
(12) 
(13) 
All loads in kN. 
All dimensions in mm. 
Out-of-plane displacement restrained. 
Slenderness ratio of column = 135. 
I 
3000 
3000 
. 41 
3000 
crY2, = 275 N/mM2 
E20 = 205 kN/mM2 
Fig 3.15: T-Frame used to examine effect of unloading characteristics at ambient 
temperature. 
For the analysis where the unloading path retraces the loading path (non-linear elastic 
analysis) the elastic critical load was obtained from, 
elastic critical load =11 10-3 = 
750kN 
slope 1.33 x 
For the other analysis where the unloading path had a stiffness equal to the initial 
stiffness (true unloading analysis), the critical load was obtained from, 
elastic ciffical load= ý, 
11= 
1064kN 
ope T4 X 10-4 
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Load (W) 
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................ 
...... . ...... . . ....... ... . ...... 
............ .... ...... . 
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f 
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Lateral deflection of node 11 (mm) 
Fig 3.16., Load-lateral deflection relationship for node 11. 
Lateral cleflection / load (mm/kN x 10 
4) 
700 
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loading path 
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400 
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Unloading path equals 
inibal stffness .............. 
30 40 50 
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Fig 3.17., Southwell plot to allow the elastic critical load to be cal / ro cu ated fm the 
computer results on the T-trame shown in Fig. 3.15. 
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. 
To validate the results produced by the model, the same example was analysed 
manually, utilising 
' 
the standard formula for the elastic critical load of a perfect column 
with one end pinned and the other end restrained by a torsional spring, as shown in 
Fig. 3.18. 
P 
---- -10 
Fig. 3.18: Perfect column with one end pinned and one end restrained by a torsional 
spring. 
The elastic critical load is given by the solution of, 
-P 
P 
tan 
[LF] 
=L El 
where, 
L length of column, 
P elastic critical load, 
E Young's modulus, 
I= second moment of area, 
K= stiffness of the spring. 
(3.03) 
Consider first, the case when the unloading path retraces the loading path. The value 
of the stiffness (K) in equation (3.03), includes the contribution from both connections 
in the post-yield state and also the beams. The beam stiffness is given by, 
KBeam 
= 
3E1 
= 
3(205 x 10' x 4440 x 104) = 4.55 X 109NMM 1 fad L 6000 
The stiffness of both connections is given by, 
Kspd, 
g = 
43.436 x 106 Nmm / rad 
Therefore the total stiffness to be substituted into equation (3.03) is calculated from, 
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. -. 
KTw = 
.I 
+ Kspdg 
KTtw =2 -1 =86.05xlO6Nmmlrad 
4.55xI09 ' 43.436xlO'- 
Substituting the stiffness into equatiort (3.03) produces, 
Tah[12000 V 205 X 103 x 5260 x 10 4 
12000 
X 103 
p 
104 
86.05 x 106 &5. 
x 5260 x 
(. 
P(12000) + 86.05 x1 Orl 
By applying an iteraVve procedu. re an elastic critical load of 753 M is obtained. 
Now consider the case where the unloading stiffness equals. the initial stiffness. 
Since one connection loads and the other unloads, the stiffnesses of the elements are 
given by, 
KI. = 4.551 x 109 Nmm/rad, 
KwnnecUon unloading = 7.18 x 109 Nmm/rad, 
K,, 
rjectjon kading = 
43.436 x 106 Nmm/rad. 
Therefore the total stiffness is given by, 
KT"tw =1111]+111]=2.828 x 
109 Nmm / rad 
4.55 x 109 ' 43.436 x 106 4.55 x 109 
+ 7.18 x 109 
Substituting into equation (3.03) gives, 
Tan 
[12000 
V 205 X 103 x 5260 x 10 
4 
12000E 
103 
p 2.828 x 109 
V205x 
.x 
5260 xTOZ'[T(l 2000) + 2- 828 x 109 
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Once again applying an iterative procedure, an elastic critical load of 1050 M is 
obtained. 
The results obtained from the manual calculations and the Southwell plots compare 
very well, and are shown in Table 3.02. 
ELASTIC CRITICAL LOAD 
Unloading path retraces 
logding path. 
Unloading path equal to 
initial stiffness 
Model results F 750 M 1064 M 1 
Theoretical results 753 M 1050 
M 
Table 3.02: Comparison between computer model and theoretical elastic critical 
loads. 
3.7: MODELLING THE UNLOADING OF CONNECTIONS IN 
FRAMES SUBJECTED TO ELEVATED TEMPERATURES. 
At ambient temperature the unloading of connections is identified by a reduction in 
relative rotation, or reversal of the transferreq moment. The analysis is usually 
conducted by applying load increments to the frame and monitoring the relative 
rotation or moment of the connection. If unloading is identified and the inelastic 
phase of the connection is reached, then the initial stiffness replaces the 
instantaneous tangent stiffness. 
For an analysis which models a steel frame subjected to increasing temperatures a 
method of identifying unloading of connections is required which incorporates the 
reduction in strength of the connection as the temperature rises. The procedure 
adopted for identifying unloading, as the analysis transfers from one moment-rotation 
curve to another, for different temperatures, is shown in Fig. 3.19. At ambient 
temperature the tangent stiffness is used until convergence is obtained. The 
permanent relative rotation between adjoining members can then be calculated, and 
this is assumed to be unaffected by temperature variation. This permanent rotation 
will allow the 'reference point' to be calculated for the next temperature step as shown 
in Fig. 3.19. The analysis for the increased temperature is carried out using the 
tangent stiffness, and once convergence is obtained the calculated rotation is 
compared against the 'reference poinf. If this : 
rotation is less than the 'reference 
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a 
point' unloading is identified and the analysis repeated replacing the tangent stiffness 
with the initial stiffness for the connections which are unloading. If unloading occurs 
then the permanent relative rotation remains constant and is used to define the 
reference point at higher temperatures, but if loading occurs the permanent rotation 
increases and the new value is used to find the reference point for the next 
temperature. Although theoretically this method is correct it is numerically inefficient 
in the sense, that the analysis is repeated if unloading is identified. A more 
comprehensive model which deals with steel member strain reversal was developed, 
and is discussed in Chapter 7. Ho 
' 
wever for a preliminary study into connection 
unloading the aboýe method was adopted. 
To show the effect of unloading of connections in frames at elevated temperatures 
the example shown in Fig. 3.20 was analysed. The loads on the beam produced a 
load ratio of 0.56, designed as simply supported in accordance with BS595Q part 8, 
with the column axial load being 60% of the load carrying capacity. The connection 
stiffness and strength was scaled to 25% of the value for an extended end-plate 
shown in Table 3.0f, with the assumption that the inelastic range commences at the 
proportional limit-of the moment-rotation curve. A temperature gradient was assumed 
for all members, with the inside flanges being heated at twice the rate of the outside 
flanges. The temperature of the connection was 0.7 times the temperature of the 
bottom flange of the connecting beam. 
Due to the thermal gradient the columns begin to bow towards the fire when the 
temperature starts to increase. This behaviour together with the load and thermal 
gradient on the beam causes the connections to load. As the temperature continues 
to increase the resultant internal axial force of the columns moves towards the area of 
section whose strength and stiffness is decreasing at a slower rate. Since the 
application of the axial load on the column remains* constant at the original centroid 
(mid-web) of the cross-section, the eccentricity causes the column to bow in the 
opposite direction. Beyond 4000C the lateral displacements of the columns reverse 
direction due to the bowing caused by the increasing eccentricity of load being greater 
than the bowing caused by the thermal gradient. Above 4300C this behaviour will 
cause the connections to unload. To observe the frame sensitivity to unloading of 
connections it was decided to conduct two analyses. For the first analysis the 
unloading path was assumed to retrace the loading path, and in the second analysis 
the unloading path was assumed to equal the initial stiffness. The lateral deflections 
of the column as the temperature rises are shown in Fig. 3.21, for both analyses. As 
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can be seen, using an increased stiffness for unloading of the, connections increased 
the failure temperature by approAmately 250C. 
a 
(3) 
. Node numbers 
1000.0 34.93 34.93 34.93 
-\ 
1000.0 
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Fig. 3.20: Frame used to indicate the effect of connection unloading 
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Since it is impossible to validate the above model against experimental results, when 
the connection unloads, it was decided to obtain the connection parameters at various 
temperatures used throughout the analysis, to confirm that the connection behaviour 
complies with the adopted theory. These parameters are shown in Table 3.03, and 
graphically in Fig. 3.22. 
Connection 
Temperature 
(OC) 
Relative 
Rotation 
(Rads. X1 0-3) 
Moment 
(kNm) 
Permanent 
Rotation 
(Rads. x10-3) 
Reference 
Point 
(Rads. XIO-3) 
20 *4.4 19.6 1.7 
70 15.2 23.4 11.75 4.6 
27.7 24.3 23.4 15.75 
210 39.1 24.8 33.8 28.56 
280 50.5 24.5 43.6 40.6 
287 51.0 24.3 43.96 50.7 
294 51.4 24.2 44.13 51.2 
301 51.54 23.97 44.13 51.6 
308 51.6 23.4 44.13 51.8 
315 51.58 22.5 44.13 52.0 
322 51.44 21.4 44.13 52.2 
329 51.14 19.7 44.13 52.48 
336 50.65 17.7 44.13 52.75 
343 49.9 15.0 44.13 53.05 
350 48.6 1 11.2 . 
44.13 53.37 
Table 3.03: Connection parameters at vafious temperatures for the analysis of the 
frame shown in Fig. 3.20 
Not all fire and structural scenarios will induce unloading of connections, and in some 
cases where unloading occurs the relative angle of rotation will not be large enough to 
create a significant difference between the tangent and initial stiffness. However 
should a connection reverse direction due to the frame behaviour then the additional 
connection stiffness should be incorporated into the analysis to obtain more realistic 
modelling predictions. 
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Connection Temperature = 20 OC. 
Tangent Modulus 
z 919.7 kNrrVrads 
ok 
44- Permanent rotation - 1.7 x1 o-3rads. Relative Rotation (Radians x 10-) 
1 10 20 , 30 40 so 60 70 
Moment (kNm) Connection Temperature = 70 "C. 
35 
30 
25 
20 
is 
10 
5 
0 
Tangent Modulus 
172.8 kNm/rads. 
Moment z 23.4 kNrn 
-3 Reference point = 4.6 x 10 rads. 
Rotation = 15.2 x 10 -3 rads. 
0 I'd io ýO 4b ýO 60 70 
Permanent rotation from last analysis Relative Rotation (Radians x 10 -3 
1.7x 163 rads. 
-3 Permanent rotation= 11.75x 10 rads. 
Connection Temperature = 140 *C. 
Tangent Modulus = 88.5 kNm/rads. 
so 60 70 
Relative Rotation (Radians x 10 -3 
Permanent rotation = 23.4 x 10 'Irads. 
I' 
I 
II 
-3 Reference point- 15.75x 10 rads. 
.3 Rotation = 27.7 x 10 rads. 
MoMent -2 24.3 KNM 
0 101 20 ýO 4b 
Permanent rotation from last analysis 
11.75 xI 0"3rads. 
Fig 3.22: Moment-rotation-temperature characteristics of the connection used for the 
example shown in Fig. 3.20. 
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a 
lIK 
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Fig 3.22: (Continued) Moment-rotation-temperature characteristics of the connection 
used for the example shown in Fig. 3.20. 
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Fig 3.22: (Continued) Moment-rotation-temperature charactedstics of the connection 
used for the example shown in Fig. 3.20. 
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a 
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Fig 3.22: (Continued) Moment-rotation-temperature charactedstics of the connection 
used for the example shown in Fig. 3.20. 
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Connection Temperature = 336 "C 
dL I 
tiererence point 
= 52.75 xI O'3rads. 
lo 30 4b I so 6b 70 ' 
-3 
1 4rmanent rotation z 44.1300 rads. Relative Rotation (Radians x 10 
Connection Temperature = 343 "C 
n-c-a 
0 
0 10 20 30 40! 1 
Permanent rotation z 44.13 x 10 '3rads. - 
meiene"Ge point 
53.05x 10 -3 rads. 
so 60 70 
.3 Relative Rotation (Radians x 10 
Connection Temperature = 350 "C 
Fig 3.22: (Continued) Moment-rotation-ternperature characteristics of the connection 
used for the example shown in Fig. 3.20. 
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4.0: RELOCATING THE. POSITION OF THE REFERENCE AXIS. 
In the previously existing version of the software the reference axis, at which the 
nodal position is placed, was located at the centroid of the elastic cross-section of the 
beam-column finite elements. The position is calculated at ambient temperature and 
remains static during any temperature change. To allow for connection of two- 
dimensional shell elements to one-dimensional beam elements, allowing 
representation of a continuous floor slab supported on the top flange of the beam, the 
facility of placing the reference axis at any position on or outside the cross-section 
was included withiri the model. 
The formulation of the software, which was originally based on the work by EI-Zanaty 
and Murray29 and has been recently extended by Naýar3g to include three-dimensional 
behaviour, is not repeated here. Instead only the parts of the formulation which are 
influenced by the extension of the software, to allow the ability of specifying the 
position of reference axis, are presented below. 
I 
Within the formulation the following assumptions apply, 
" The element is straight, prismatic and symmetric about the principal axes. 
" The plane cross sections of each of the thin-walled flat plates of which the beam- 
column is composed remain plane after loading. 
" The shearing deformation in the mid-surface of the thin-walled plate is extremely 
small and can be neglected. 
The nodal displacements at their specified positions within the structure, which is 
divided into imaginary finite elements, are the basic unknown parameters of the 
problem. Displacement of the reference axis within an element is uniquely defined by 
cubic shape functions and the boundary nodal point displacements. From the 
displaced reference axis the displacement of any arbitrary point on the cross-section 
can be defined. This is shown in Fig. 4.01 for an example where the reference axis is 
positioned on the top flange of the beam. The displacements u, v, w, of an arbitrary 
point Won the beam cross-section can be expressed in terms of the displacement of 
the reference axis by the following expressions 
u= uo -(ysinoy +xsinox) (4.01) 
V VO - y+(ycosoy cosoz +xcosox sinOz) (4.02) 
w wo -x +(xcosOx cos0z -ycosOy sinOz) (4.03) 
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Fig. 4.01: Derinition of the displacement of an arbitrary point on the cross-section with 
respect to the reference axis. 
The following assumptions are adopted: 
1. The slope of the member about the y-axis is, 
va = sinO. 
and its slope about the x-axis is, 
wa = sInOx. 
(4.04) 
(4.05) 
Although the slopes of the member defined in equations (4.04) and (4.05) should be 
represented by tangents, the sine assumption allows the derivation29to be undertaken 
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with no additional assumptions or simplifications, except to ignore higher-order terms 
when they are negligible 
2. The twist angle is small, so that 
sin Oz Oz (4.06) 
and 
COS09 (4.07) 
Using the above assumptions, equations (4.01) to (4.03) can be reduced to, 
u= uo - yva - xwa (4.08) 
ý= vo -Y+(ycosoy +xoz Cos oz) (4.09) 
W= Wo -X +(xcosox -YOZ COS OY) (4.10) - 
Equation (4.08), which represents the axial deformation, is based on Bernoulli's 
hypothesis which assumes that plane sections remain plane during deformation. 
However for thin-walled beams the Vlasov hypothesis63, which takes into account the 
effect of warping, should be adopted. The extension of equation (4.08) to incorporate 
the effect of warping produces 
u =UO -YV6 -XW6 +00., 
where, 
Ov = sectorial coordinate of the arbitrary point'A'. 
(4.11) 
To illustrate the use of the sectorial coordinate of a symmetrical I-section two 
examples are presented, one with the reference axis positioned at the centroid and 
the other with this axis above the cross-section. Calculation of the sectorial 
coordinate of an arbitrary point A for both cases is defined in Figs. 4.02 and 4.03. 
With the displacements defined at any point within the element the state of strain can 
be obtained frOM43 
cz = ul +1 
l(U1) 2+ (V, )2 + (W, )21 (4.12) 
Applying the constitutive properties of the material, the state of stress throughout the 
member can be calculated, together with the boundary (nodal) stresses. As with 
typical discrete structural analysis, equilibrium is enforced between boundary stresses 
and the externally applied loads. 
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rPdncipal radius 
-ve r +ve 
A 
-q of flange 
Sectorial coordinate of A 
=2x area of shaded triangle 
+ve - t' - -ve 
Principal radius 
Fig 4.02: Definition of the warping coordinate of an arbitrary point on the cross-section 
when the reference axis is placed at the centrold. 
r 
Reference axis 
Principal radius 
of flange 
Sectorial coordinate of A 
=2x area of shaded triangle 
+Ve ve 
Fig 4.03: Definition of the warping coordinate of an arbitrarypoint on the cross-section 
when the reference axis is placed above the cross-section. 
The simplest method of enforcing equilibrium at nodal points is to use the Principle of 
Virtual Work, as shown in equation (4.13) 
SW=f az 5ez dv - (Q)[8 q} =0 
v 
(4.13) 
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where, 
az axial stress, 
'Nez virtual axi al strain (corresponding to the imposed virtual displacements), 
(Q) row vector of external loads, 
{, 6q} = column vector of imposed virtual displacements. 
As discussed -in Chapter 2, an integration of stress over the cross-section is 
conducted. These stress resultants are obtained by numerical integration of the 
stress defined through the cross-section at Gauss points. This allows numerical 
integration to be ýerformed along thd member. Since incremental stress resultants 
ýre required in the formulation of the tangent stiffness matrix, the sectional and 
sectorial (warping) properties are calculated numerically relative to the reference axis. 
To take into account inelastic behaviour the transformed section concept47 is used, as 
explained in Chapter 2. 
To allow a considerable variation of stress through the cross-section, displacements 
are defined at 13 pJints thus diViding the section into 12 segments as shown in Fig. 
4.04 
(1) (2) 
m? 
I (6) 
(7) 
(8) 
m 
(9) (10) (11) (12) (13) 
Fig. 4.04: Position on the cross-section at which displacements, strains and stresses 
are defined. 
The required sectional and sectorial properties and stress resultants are specified 
below, with numerical evaluation of these properties being defined in the formulation 
by EI-Zanaty and Murray29 and the formulation by NaBar39. The definition of these 
properties remains unchanged (and is therefore y%<- not repeated here) with the only 
difference occurring due to the displacement of the reference a)ds about which these 
properties are calculated. 
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The sectignal properties required are, 
Af dA 
A 
ly2 = 
fy 2 dA 
A 
IY4 =f y4 dA 
A 
lx2 fx2 dA 
A 
IX4 =f X4 dA 
A 
'x2y f X2 y dA 
A 
'x2y2 fx2y2 dA 
A 
IXY3 f XY 3 dA 
A 
I 
The sectorial properties required are 
f (j) dA 
A 
I. y 
f (a y dA 
A 
lcoY2 =f (o y2 dA 
A 
The stress resultants required are 
nf asd4 
A 
mx 
2=f 
CFIY 2dA 
A 
my 
2=f 
cy: x 2dA 
A 
m. = a, (x' + y') - O'd4 f A 
where, 
n 
M. 
M. 
m y 
f 
ly fy dA 
A 
FY3 =fy3 dA 
A 
Ix fx dA 
A 
'x3 =f X3 dA 
A 
I., y 
fxy dA 
A 
1 
XY2 
f Xy2 dA 
A 
Ix3y fx3y dA 
A 
I. x=f ox dA 
A 
lox2 2-- 
f 
0) x 2dA 
A 
42 =f Co 
2 dA 
m. =f crydA 
A 
My=f(: r, xd, 4 
A 
mw =fa: -Cvd4 
A 
TSV = GJOZ 
= axial force, 
bending moment about the x-axis, 
stress resultant calculated, due to the higher order terms within the 
strain-displacement equation, which represent non-linear effects, 
bending moment about the y-axis, 
61 
Chapter 4. Relocating the Position of the Reference Axis 
M, 2= stress resultant calculated, due to the higher order terms within the 
strain-displacement equation, which represent non-linear effects, 
M, = warping moment, 
M, = contribution to the torsional moment due to warping deformations 
(this is a second-order effect known as the Wagner effect4s), 
TSV = torsional moment due to St. Venant shear stress, 
4.1: VALIDATION OF RELOCATION OF REFERENCE AXIS. 
Since the original model has been validated for large displacements at ambient and 
elevated temperatures, ý9.39 the extension of the model to allow relocation of the 
reference axis was compared against the original model with the reference axis 
positioned at the centrold. 
The first example considered was the simply supported beam shown in Fig. 4.05 with 
a load ratio of 0.5 to BS5950 Part 85 and uniformly heated. The original model with 
the reference axis at the centrold was compared with the new model with the 
reference axis positioned at the top flange. The vertical displacements for both cases 
are shown in Fig. 4.07. 
59.4 M 
30: 0110 
cry2o = 275 N/mM2 
E2o = 205 kN/mM2 
356xl27x39UB 
Fig. 4.05: Uniformly heated simply-supported beam used to validate the repositioning 
of the reference axis. 
For the next example a beam with built-in ends with a load ratio of 0.5 to BS5950 
Part 85, as shown in Fig. 4.06, was uniformly heated. Since full restraint is provided 
against thermal expansion, the axial forces induced will have a significant effecL The 
vertical displacements at mid-span are shown in Fig. 4.08 with the values being 
exactly the same irrespective of the position of the reference axis. 
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118.8 M 
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'I ,- 
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356xl27x39UB 
cy 0= 275 N/mM2 e, 
= 205 kN/mM2 20 
Fig. 4.06: Uniformly heated beam withends built-in, used to validate the repositioning 
of the reference axis. 
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Fig. 4.07. Vertical displacement at mid-span of the simply-supported beam of Fig. 
4.05 with the reference axis at the centroid and at the top flange 
of the cross-section. 
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Fig. 4.08: Verticaidisplacement at mid-span of a beam with ends built-in and the 
reference, axis at the centrold and at the top flange of the gross-section. 
Shown in Fig. 4.09 is a comparison between the internal moments for this example, 
calculated at mid-span for both positions of the reference axis. To allow explanation 
of these values the axial force is required, as shown in Fig. 4.10. Consider first the 
case when the reference axis is positioned at the centroid and the moment is 
calculated at this point. The moment increases until a temperature of 4000C is 
reached. This is due to the secondary geometrical effect of the vertical displacement 
and compressive axial forces, acting through the centroid of the cross-section, 
induced by the restraint to thermal expansion. Beyond 4000Q the moment decreases 
due to a decrease in axial force as shown in Fig. 4.10. The axial force decreases 
continuously with catenary action being identified before failure, identified by the 
change in sign of the force. With the reference axis at the top flange and the moment 
calculated at this position the induced axial forces which act through the centroid have 
a greater effect on the value of the moment, as shown in Fig. 4.09. This could cause 
numerical instability problems due to the large changes in moment during the heating 
scheme. This was experienced in this example above 1000C at which the 
temperature step size had to be reduced. 
Further validation examples are presented in Chapter 5, for the case when simple 
elastic beams fail by lateral-torsional. buckling when the load is placed on the top 
flange. 
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Fig. 4.09: Comparison between moments calculated at mid-span about the reference 
axis which is positioned at the centrold and at the top flange. 
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Fig. 4.10: Comparison between axial forces when the reference axis is positioned at 
the centrold and at the top flange. 
65 
Chapter 5: The Lateral-Torsional Buckfing of Unrestrained Steel Beams in F7re. 
5.0: THE LATERALJORSIONAL BUPKLING OF UNRESTRAINED 
STEEL BEAMS IN FIRE. 
Beams are structural members which resist applied loads primarily by bending and 
shearing actions. The bending stresses and deflections of beams usually govem their 
design, with the bending action occurring in-plane about the major axis provided no 
twisting of the beam is 
-induced 
and. adequate lateral restraint is present In the 
majority of systems used in multi-storey building frames beams are arranged such 
that the applied loads act through their shear centres, thus eliminating twisting, and 
adequate lateral r6straint to the compression flange Is obtained from the supported 
flooring system. Therefore most steel beams are fabricated from hot-rolled open 
sections, which are easy to connect on site and have their material efficiently 
distributed to resist in-plane bending. However these sections are weak in resisting 
loads which may induce any out-of-plane bending or twisting. 
If adequate lateral restraint is not provided and the beam does not have sufficient 
lateral and torsional Istiffness, then the in-plane loads can cause out-of-plane buckling 
in a combination of lateral deflection and twisting. This form of behaviour is known as 
lateral-torsional buckling, with the two components being interdependent. This is due 
to the applied in-plane moment exerting a torsional component about the laterally 
deflected longitudinal axis, which causes the beam to twist. This twisting action 
causes the applied in-plane moment to exert a lateral bending component which 
causes the beam to deflect sideways. 
Considering the behaviour of steel beams at elevated temperatures the simplest 
calculation method presented in BS5950 Part 8s, is known as the Limiting 
Temperature Method. In this method the maximum permissible temperature of a 
member is based on its type, its loading characteristics and load ratio. This method 
presents little difficulty in implementation, and is clearly the approach which will 
recommend itself to practising engineers. The development of limiting temperatures 
in BS5950 Part 8 has been based on a large number of fire tests and supplementary 
computer model predictions. For members in bending, standard fire tests9 have been 
carried out on beams which support concrete or composite floors, the major variables 
being the applied load, structural configuration and beam size. A more 
comprehensive experimental study of various parameters which affect the behaviour 
is not feasible due to the very high cost of structural furnace testing and the size 
limitations of standard test furnaces. It is not surprising that the beams tested have 
represented the systems in most common use; floor beams carrying precast slabs on 
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the top flange or on shelf-angles, slim floors With the slab fillin g the space between 
the flanges, and composite beams using metal decking and slabs tied through shear 
connectors to the top flange. Not only are these systems the most common In current 
steel building construction, but all have full compression flange restraint, and 
therefore present no threat to the integrity of the test furnace which might be caused 
by lateral buckling failure. 
In the context of present-day building design at elevated temperatures beams without 
lateral restraint to the compression flange may be considered as of secondary 
importance. Howeýer in some situatlofis, such as Industrial buildings and plant areas, 
ýeams may not have continuous lateral restraint. This also applies in some office 
construction systems, notably the "Parallel Beam Approach"64 in which the primary 
(spine) beams are unrestrained and support composite secondary (rib) beams on their 
top flanges, thus providing service spaces in both directions within the depths of these 
beams. It is necess . ary . to calculate iimiting temperatures for unprot . ected beams 
either to determine the required protection thickness or, as part of a fire engineering 
approach, to set the'required s6cbon size, load ratio and possibly partial protection. 
BS5950 Part 85 deals with unrestrained beams firstly by using a load ratio based on 
lateral-torsional buckling failure at ambient temperature, and thbn by giving limiting 
temperatures reduced by about 650C from those for restrained beams. An underlying 
problem is that the limiting temperatures for beams in furnace testing are based on a 
definition of failure7 of a maximum in-plane deflection of span/20, or a maximum rate 
of deflection when span/30 is exceeded. 
To allow an investigation into the accuracy of the design of unrestrained beams 
presented in the design codes, BS 5950 Part 85 and EC3 Part 1.26, the computer 
model was extended to allow lateral-torsional buckling to be predicted at elevated 
temperatures. 
5.1: EXTENSION OF THE COMPUTER MODEL TO ALLOW 
LATERAL-TORSIONAL BUCKLING. 
As explained in Chapter 2 the beam elements model three-dimensional behaviour 
including warping characteristics. Apart from the twist (which is based on pure and 
warping shear stresses) the formulation is based on normal stresses, adopting the 
typical assumption associated with thin-walled sections that shear deformations are 
negligible and can be ignored. - However in lateral-torsional deformation the 
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geometrical effect of shear forces associated with flexural shear stresses has to be 
included. Since the shear forces cannot be defined In terms of deformations, due to 
thin-walled beam assumptions, they are calculated as reactions and are only needed 
for equilibrium. To indicate the effect of shear forces on unrestrained beams, 
consider first the case of a simply supported beam loaded with in-plane uniform 
bending moment as shown in Fig. 5.01. The beam supports prevent both lateral 
deflection and, twist, but the flange ends are free to warp. 
9 t 
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C=7; = 
ýy 
Section. 
Plan. 
Fig. 5.0 1: Buckling of a simply supported beam with uniform in-plane moment 
When the applied in-plane moment reaches the elastic critical value (in terms of 
laieral torsional-buckling behaviour) the beam will deflect and twist into an equilibrium 
position as shown. The differential equilibrium equationS45.6S for this condition are: 
-Elyw" = MxO (5.01) 
GJO'- Elwo"' =Mx wo (5.02) 
where, 
MX0 = lateral moment induced by the in-plane moment when the beam twists, 
IVIX wt = torque induced by the in-plane moment when the beam deflects laterally, 
Ely = minor axis bending stiffness, 
GJ = torsional stiffness based on pure torsion, 
El., = warping stiffness. 
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Now consider the same beam,. but with unequal end moments as shown in Fig. 5.02. 
;k 
L 
) kM 
kM 
Moment diagram. 
Shear force diagram. 
-(l-k) WL 
Fig. 5.02: Buckling of a simply supported beam with unequal in-plane moment 
For this condition, the differential equilibrium equationS45.65 of minor axis bending and 
torsion of the beam in the buckled position are: 
-Elyw" = MxO (5.03) 
GJO'- El,, O"I = M,, W'- Vyw (5.04) 
where, 
Vyw = torque induced by the shear force when the beam deflects laterally. 
Before extension of the computer model to include flexural shear stresses three 
examples, which are shown in Fig. 5.03, were analysed. In each example the 
m'atenal was assumed to remain elastic'and to be initially unstressed, so that the 
results could be compared against classical theoretical solutions66. 
The beam was modelled using four elements, and although the model can predict 
bifurcation loads, it was also decided to subject the beam to various imperfections 
(consisting of an initial lateral bow and twist) thus allowing a more comprehensive 
validation to be conducted. The predicted load-lateral deflection relationships are 
shown, together with a Southwell Plot, in Fig. 5.04 for the case of uniform moment. 
The elastic critical load of 112 kNm estimated from the Southwell Plot and the 
computer model prediction of 110 kNm for the bifurcation load of the perfect case, 
compared yery well with the theoretical elastic critical load of 109 kNm, -calculated by 
Timoshenko66. 
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Fig. 5.03: Examples analysed by the computer model before the -inclusion of flexural 
shear stress into the formulation. 
The next two examples considered were a simply-supported beam with a point load at 
mid-span, and a cantilever beam with a point load at the tip, as shown in Fig. 5.03. In 
both cases the loads were assumed to act through the centroid (also the shear 
centre) of the cross-section, and are therefore 'neutral' as compared with 'stabilising' 
or 'destabilising' loads. The two configurations were analysed with various 
imperfections, 'and as expected, due to the model ignoring *flexural shear stresses, 
major errors in the prediction of the elastic critical load were encountered. The results 
from the model overestimated the critical load for the simply supported beam and 
underestimated the critical load for the cantilever. The different signs of the errors 
can be explained by considering equation (5.04) and reallsing that the sign of the 
moment is different in the two examples. To highlight the magnitude of these errors, 
the bifurcation loads for both examples are shown in Table 5.01 and compared with 
the theoretical elastic critical loads calculated by Timoshenko66. 
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Fig. 5.04: Load-lateral displacement relationships and Southweff Plot for a simply- 
supported beam with uniforin momenL 
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Beam 
.- -ELASTIC 
CRITICAL LOADS (M) 
1 
Computer model Theoretical % Error 
Simply-supported 161 100 +61 
Cantilever 22 1 31.2 -41.8 
Table 5.01: Comparison between theoretical solutions and computer model results 
before the. Ocluslon of flexural shear stresses into the formulation. 
These comparisons demonstrate the importance of extending the basic formulation of 
the beam elements to incorporate flexural shear stresses to allow lateral-torsional 
buckling to be predicted for any load condition. The formulation was originally based 
on the work by EI-Zanaty and Murray29 and has been extended recently by Nahar39 to 
include three-dimensional behaviour. Nahar's formulation included warping normal 
and shear stresses together with pure torsional shear stresses. Only those parts of 
the'formulation influenced by the inclusion of flexural shear stresses are shown here. 
Considering Fig. 5.05, the displacements u, v, w, of an arbitrary point'A' on the beam 
cross-section can be expressed in terms of the displacement of the reference axis, 
which in this case coincides with the centrold of the beam at 200C, by equations 
(4.09), (4.10) and (4.11). As explained in Chapter 4 the reference axis can be 
positioned at any position on or outside the crosý-section. 
Now the non-linear axial strain-displacement relationship, for an arbitrary point on the 
cross section is given by43 
cz = ul +1 f(uf ), + (vl, + (W, ), l 
The non-linear shear strain-displacement relationships are given by43,45 
au aw (lw Dw av Dv DU au 
YXZ=-+-+ 
ex az ý ex az ex az ex Dzi and, 
YYZ = 
au 
+ 
av 
+low . 
aw 
+ 
Dv av DU. aul 
ay az ay oz oy, iz+i-y az 
Differentiating equations (4.09), (4.10) and (4.11) produces, 
up = U6 - Yvoll - xwoll + "I, z 
(5.05) 
(5.06) 
(5.07) 
(5.08) 
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vp v6 -y sin oy 
dy 
- xOz sin Ox 
dOx 
+ xez, cos ox dz dz 
wt w6 -x sin Ox 
ýýx- + Az sin Oy 
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- yOzl cos Oy dz dz 
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Fig. 5.05: Definition of the displacement of an arbitrary point on the cross-section. 
(5.09) 
(5.10) 
z 
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From Fig. 5.05, the physical interpretation of v6 allows coso, to . be approximated as, 
'&j2 _ AV2 -0 Cos Y- Az ' 
Since, Az= AV 
vo 
then, 
Cos Oy 
and similarly the physical interpretation of w6 allows cosOx to be approximated as, 
Cos OX t (5.12) 
To evaluate the terms, dO, Idz and dO,, /dz, differentiate the equations (4.04) and 
(4.05) to produce, 
Vol, = Cos OY 
dO 
and, 
woll = COS OX 
dO,, 
dz 
(5.13) 
(5.14) 
Rearranging these equations and substituting for cosOy and cosO. produces 
CIOY, v 10, 
dz _ (VO, )2 
dOx. woll 
dz ý, - (W6, y 
0 
(5.15) 
(5.16) 
Substituting equations (5.11), (5.12), (5.15), and (5.16) into equations (5.09) and 
(5.10) and ignoring higher order terms produces 
V6 - 
MVIL 
+ xozl vI,, T, - -(W6 1_ (V0, )2 
wo wa - 
xw6woll 
y Oz, 
11 
- 
-w 
ý, 
- 
-(w6-y 
(5.17) 
(5.18) 
Therefore the axial strain at any arbitrary point on the cross-section can be expressed 
in terms of the displacement of the reference axis by substituting equations (5.08), 
(5.17), and (5.18) into equation (5.05) producing 
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Uot _ it It+ 
"it+ 
1 (Uoy 
Wo _, \Wo _ yU; Vo,, _ XUaWO,, +. 
I (YVO,, ý +. 
I (XWO,, )2 + _I (V; )2 z2222 
yvo"(Vo, 41 -(W, 0 + ý0' xoz, Iý+. 
I. 
V2 +. 
IX2(o (Wo +. 
I(wa 
02202 
X(WO)2L,, ( )2 ( ,ý 
'Yoz 0 
wa wo 0- W6 
jj_(V, ý+ 
X2 2 (Va)2) aI_ (W6 )2 
y 
71 - ý(m 
22z 
(5.19) 
By considering equation (5.06) and (5.07) and ignoring higher order terms the shear 
strain is given by, 
Y =v 
I 
XZ 
; OZ 
and, 
(5.20) 
Y'. = -W60, (5.21) 
Applying the Principle of Virtual Work over the length of the beam gives 
SW= f azSez + TxjSy xz + TyBydv - 
(Q)[8q} =0 (5.22) 
v 
where, 
crz 
BEZ 
T)(Z IT YZ 
SYXZIBYYZ 
(Q) 
= axial stress, 
= incremental variation in axial strain, ' 
= shear stress, 
= incremental variation in shear strain, 
= row vector of external forces, 
j8q} = column vector of incremental deformations. 
The variation in strains can be obtained by differentiating equations (5.19), (5.20), and 
(5.21) and appreciating that UO, v6, W6, VO", wO", Oz, Oz', and OZII may vary independently. 
introducing the calculation of the variation in strains into equation (5.22) produces the 
virtual work relationship of, 
öw = ff [Gz(i+ ui -YVO"-xwo"+a")öuO +crz 
2yvbvll y(V6), v. " 
1. A 
Z Vb - -- (1 
_ 
(V&)2)3/2 (vo, 
+x OZI 
y vo 
-VW&oz y 2(0 Z 
)2(V0, ) SV& 
-(W6 
+ 
2(V 
+X 
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+T=(()Z)SV6 +crz 
(W6 
XV6 
, 
OZIW6 
x 2(0; 
ýWos, 
_ 
2xw6wo" x (W6 f (wo") 
(War 
x 2(W )(Wit x 2(W 
ý(Wpoý 
60i0 
II_ (W6)2 
+ýI_ 
(W6 
SW6 - ryz(oz)swo 
10 
y+ y2V#, 
Y(V6 y2(V6f VO,, 
) 
-woo + svo" (vo V6 
+az o 
+az X_XU6, +X2W.,, _ 
X(W6ý , X2(W6f(Wo,, 
)) 
swo + (TXZV6 -, rYZW6)soz 
I- 
- 
Ti---(W-of 1-(4 40 cr 60 Z)(j_(W6f)_yW6jj_(V6f +y2(0Z, )(, _(V6)2))Soz, + Z(XV ll_(Wy +X2(oo 
. 
cy, (O+uoi7v)801, ] dadz-(Q)18q}=O z 
(5.23) 
Defining the stress resultants as, 
n= f a: d4 
A 
mx 
2=f 
cyly 2dA 
A 
my 
2=f 
azx 2dA 
A 
M, =a 
(X2 
+y2). ozrdA f. 
A 
f d, 4 
A 
where, 
n axial force, 
MX 
MX 
Mx =f cy, yd4 
A 
my =f cy, xd4 
A 
M. = cy7vd4 
A 
TSV = GJOZ 
fy f Tj,, dl 
A 
bending moment about the x-axis, . 
stress resultant due to the higher order terms within the strain-displacement 
equation which represent non-linear effects, 
M= bending moment about the y-axis, y 
my 2= stress resultant due to the higher order terms within the strain-displacement 
equation which represent non-linear effects, 
MW = warping moment, 
M, = contribution to the torsional moment due to warping deformations 
(this is a second-order effect known as the Wagner effect4s), 
TSV = torsional moment due to St. Venant shear stress, 
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f. 
fy 
shear force parallel to the x-axis, 
shear force parallel to the y-axis. 
The shear forces required for the above formulation are calculated from the reactions, 
due to the thin-walled assumption that shear deformations are small and may be 
neglected. 
Using the stress resultants defined above the virtual work equation can be re-wriften 
as I f 
(a, 8U6 +aýM +a35VO#p+a46Wi +a58WO"+a68oZ'+a75Oz,, + a880z) dz - (Q)[Bq} =0 
I 
(5.24) 
where 
a, = n(I + ua) - m,, (v,,, ) - my(w,,, ) + M, ý(Oz") 
)3 
a2= n(vbl) + MX W66ZV6 
2v; v. ll V6 vo + my Oz, (W6 
-( 
ý 41-( 'y 
(, 
_( 
yf2 
(WO, 
V6 V6 V6 
+MX 
(V6 )2)2+, _( 
)2-(oz, 
), (v6) +fx(oz) 
V6 
a, =-mx 1+uo+ 
(4 
+ mx 2 voy + 
1 
1-(d 
1_ 
(V6)2 
V60, W& 2w6woll 
(w f)3 (Woll) 11 --(V-01ý 
a4 n(w6) - my 
z+ 
)2)3/2 
Mx 
(Oz, 
11 
- 
(WO, (W6 
wo 
2 
(WO )(WO, )2 (W 
0 
)3(w; )2_ 
Ow; (0, 
- 
fy (o, ) 
I_ (W; )2 (, 
_(W; 
)2)2 
as = 
1+UO + 
(wa 
+m2 wo" + -MY T, --(Wo y (W6)2) 
1ý1 
a6 = -mx (wa FI- (Vo, 7) + my (vi - -(W6 + MY 
2 (()Z, )(1 
_ 
(W; )2) 
+mx 
2 OZ, 
(l 
- 
(d)) + Tsv +. 
Imz(o" )2 
2 
a7 = MWO + UO) 
a8 = fx (V6) - fy(wb) 
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In order to establish the forpe-displacement relationship for an element the 
displacements uo, vo, wo, and 00, are written in. terms of nodal displacement 
coordinates q, where i has a range of N. (N equals the number of Jocal degrees of 
freedom per node). This allows equation (5.24) to be written as 
W, 
where 
Voý + P3 
2Vý + al 
00 + PS 0 't + al 
Wýo 'Wo 
Tj f 
("I OUO + al'L oq, I aq, Dql qj. Oq, Oqj 
+a, 
00 
zff + a8 dz - Q, Oqj 
J. 
(5.25) 
(5.26) 
Equation (5.26) is non-linear, and if it is not satisfied corrections to q, may be 
obtained by applying Newton-Raphson iteration, producing the relationship43 
- 'ýTl Aqj = -Tit ý7 qj 
where j also has a range of N. 
Substituting equation (5.26) into (5.27) produces*, ' 
(5.27) 
f+ aa, ov; Da, ov,,,, + Da ON, + i0a, 
ON,, + ýa. N, +4z oqj aq, oqj aq, c-q, Oqj Dqj Oqj Oqj 0q, Oqj 0q, 
+ýa-,. 
ýzll 
+ 
Da. ý0, dz-Aq, =' oqj aq, oqj aq, 
) 
owi 4- a -'NO" + a6 + a. z -ý ag dz f (a, +a, 
OV6 +a,, 'Dv6 + a4 
I, c 
I eq, 
aq, oq, 0q, c1q, aq, Dqj Vqj 
(5.28) 
Once u,, v,, w,, and 00 are defined in terms of qs, then equation (5.28) can be 
evaluated, producing the incremental tangent stiffness matrix [KT] and the 
unbalanced load vector {AQI. Equation (5.28) can be written symbolically as, 
[KT]{, &q} = [AQ} (5.29) 
where the coefficients of the tangent stiffness matrix are given by 
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i 
Dal Duo, +. 212 1 +Oa3 voll + ýa4 Dwol + Oas Owom + ýa, f -. 
ýLol ýVoll 
wl Dq, Dqj Oqj Dqj aq, oqj aq, aqj. Oqj oqj aq, 
Da, DOM Da. 00, Z, + dz 
, Dqj Dqj Dqj Oqj 
) 
and the unbalanced force AQis given by, 
(5.30) - 
DvO' 
+a, -ýV-Ot' 
OW6 AQ, =Qi-f(,,, 
Duo 
+a2 +a4 + a. 
OwO 
+ a, +a, + a, dz 
I 0q, Oqj Dql 0q, Dqj aqj aq, 
Z, i 
0 
Equation (5.30) can be written as 
(5.31) 
V, aw" 
. 
E- ýL- dz e, j I+e3j I+e4j +e,, I +e6, + e,, + e., 
oui 
+e2, 
t", 
1=1 
( 
0q, Oqj Oqj 0q, Oqj Oqj Dq, 
(5.32) 
where ej to ej are obtained by differentiating the equations for a, to a. with respect 
to q,, resulting in, 
Dn v" e,, + uo) +n 
'o 
- 
'mx (vo") - mx -ý-o - 
ý-y (wo") - 111, 
f Dwo" 
ý-qj Dqj Dqj Dqj Oqj ( -Dqj 
aqi 
e2, = 'Dn (v6) +n 
f)v6 + ()MX w60z1V6 
2vbv, " (v&)'v 
aqj c-q Dq, (V&)2 (V6 )2)3/» 
w 
+mx 
W&OZI 
(v& )2 2v, " 2(vb ý v, " 3(v&ýv, " 
(V&)2 )2)4 
Fl( 
sy 
(1 37 
v6 vo (vý )2) (V6 )2)3/2 
)4( ) 1 cl 
( )3 1 ff ,, oz 
j 
', 0 3(v& 2v& v0 vo v6 VG vb owom mx 
L+ 
mx 
)2 )5/2 Cqj Dqj v& 
1_ 
(V6)2)3/2 
+mx[Vlw6v6 ýýZ- + ýM-y (Oz, z FI- -(W-O, ý )+ MY _ (V6 ýj oqj Iqj clqj 
OW, am 2 
09qj aqj ý)2 1_ (V6)2 
-MY 
'Z' Wo, 0+x+ 
1- (wa) 
)I( 
V6 
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)4 
mx 21 
3(V6ý(Vo"ý 
ý 
4(V6 vo 
+ 
2(vo'f (vo"f 
. (ozf 
ava 
I- (va (v )2y 
(V6)2 (Va f aq, 
0 
_ -/ -- I )h 'r, I- It I po i Nit I Illol I% If _^n 
F Aa _^'IF 21 "r-ývoJ VO/ VO\Voj 1'J"' 
- m2(20, 'v&) 
L"' + f, + uf' (0z) +MX 17 --. %2 
+ýi 
\2 -n- I ý1-(v6y) 1-kvb) JL44J 
A 
aqj aqj Dqj 
amx (V., f ( au, - 2V6 DV", 
(vo (V6 
I+u&+-ýý MX mx + 
aqi 
1, 
i_ 
(V6)2)3/2 
ýi 
aqi 
2 
mx 
vo- + 
(vo vo 
+ mx 2 2V6VO" 2(V6ývo" av 
Dq, 
( 
1-(V6Y (1_( fý aqi i-(v6yj vo 
+MXI(l+ ky 
11, VOI' clql 
lomy V&0,1W& 2wýw, 11 (w& 
ý (wo) -w. 
e4, = 
an (wi) + n(0 Dqj ( -Dqj Oqj 
ýVi-(w&f 
' Vi-(w., ý (1-(w00,10 
v6ozl výoZ, (w& f 2w, " 2(w, 1 
)2 Wo 
+ 
3(WG)2W0 
ý+ ++ _MY 
1 
(W, )2 (1 
_ 
(W6 ý)3/2 
-0- 
(W6 (1 
_ 
(n )2)3/2 (wo (wo 
3(wb )4(wö ) awo, 
- my 
0,1w& J. ýv01 
-: 
2w6 
+ 
(w& )3 
. 
o'woll 
(1 
- 
(WG (W6)2)5/2 (w üýq, 6y (wo, f1 
-MY oqj Dqj Dqj (()z '-(d mx( F-ml z 
)3 ( ,f 
Z, va OV& + W6 wo _1 W6 +mx aqj oqj _(W6)2+(, _(W6fy 
()z 
I 
Ti 77. j I 
-LM '' "Y I, f.... x2 
(Woll)z 
_ 
(W6 
-1 - kwb) 
( 
+my- I' 
- (wo'), 
(W6 
2(W6 )2(WO)2 3(wj(w. "Y 4(w, 'Y(w. "ý OWO, 
+ 
)2 
+, + 
(1 - 
(0, ý 
(WO, )2 (w& )2y (w& ýf aqj 
2(Wý )3 WO )WO" 2 fy - 
'fy (0z) my (2w&Oz') 
M' 
(W6 )2)2 aqi aql aq, Dql 
eq=-c'my 1+ua+ 
(W6 )2 J-my(r)uo)-Myl 2wa 
+ 
(W6 ý. 
G"No' 
Dqj V-1(w 0 
)2 oqj (W6 aq, 
so 
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+ 
IDM y2 MY2 2w6wo" CW6 
oqj 
(WO 
I_ (W6) 
.2+ 
1-(Wogý 
+ 
(I_ (, Vo, aqj 
+my 2(l + 
(wo awo 
ý T- -(Wo, aqj 
V6 OV6 
aq j 
41 
_ 
(V6)2 aqj e6j=-" )f(w'Fl--(vo'ý)-Mx( FI-l(vo'ý)'Wo+mx[ w; 
m 
Dqj 
I'M vm 
oqj + 
(vo, Ti --(U') 
+ my 
(TI 
- 
-(WV 
-ýV-O' - my clqj vl-(W; ý) oqj 
om 2(o. 
+y, 
(1 
- 
(wa m + 2(l 
1 
_( 
ý)ýLz 
_2 'wa) -N-' + -ýM-x2 MY wa aqj my. 
(20z 
oqj oqj 
+2 
00z' 2V An, 
mx va _ mx (20Z )o 
6 +GJOO' +-Im, (ý; Lj aq, aqj Dqj 2 
e7j = 
ýM-w 
+ u6) +m 
VUO ) 
aqj w(Dq,., 
( ov; ,t 
e, j = 
fx f 
LLO 
' -- V6 
"Y 
(W6 
(-aql)- Y( q4o)+ 
x 
aj aqj oqj 
(5.33) 
To allow a numerical solution of the above forrinulation a finite element model was 
developed. This consisted of representing displacements at any position within each 
finite element by shape functions, (also known as interpolating functions), and the 
generalised displacements at the nodes. Cubic shape functionS42 were adopted 
within this formulation, allowing the displacements at any point within an element to 
be obtained from, 
UO = (OM 
vo = (OM 
WO (OM 
00 wN 
where, 
M = row vector of standard cubic shape functions, 
and 
generalised displacements at the nodes, given by, 
(U) = (ul'u;. Ujl*uj) 
(5.34) 
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(v-) (vi, v; - vi - vi) (w-) (W, - Wi - wi - w; ) (0) = (0,0;, ej, 01) ' (5.35) 
where, I and j are the numbers of the two nodes at either end of the beam element. 
The derivatives of the displacements at any point within an element are given by, 
uo, =4 
va vo, ' 
wo 
0,0 = (ýOf (5.36) 
Differentiating equation (5.36) with respect to q, produces 
a201 2. = aqi 
Ov& vo- 
aqi 
awo, Dwoll 
, oqi Oqi 
No 00" 
A-V 
LAI 
=; (5.37) 
where, C, and Q are the differentiated shape functions associated with the 
generalised displacement q, in or JUI as defined in equation (5.35). 
Incorporating the finite element formulation into equation (5.31) alloWs the unbalanced 
load vector to be expressed as 
AQ, = Q, -f 
(alýqII)dz 
I 
(this corresponds to displacements JU}) 
AQ, = Q, (a24ý +a3v)dz 
(this corresponds to displacements 17}) 
for i=I to 4 
(5.38) 
for i=5 to 8 
(5.39) 
f (a, 4ý + a, ý,,, Ipz for i=9 to 12 
(this corresponds to displacements [W}j (5.40) 
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Q, -f 
(a64ý + a7V + a. ýq, ) dz for I= 13 to 16 
(this corresponds to displacements 
The above equations can be expressed symbolically as 
[, &Q} = {Q} 
where, 
{Q} = vector of applied loads 
and 
JQRJ = vector of resistipg forces, which can be defined as, 
ajý, } 
a2f + a,, 
a, 
dz 
[ý, }+ajýll} + a8 
Jý}_, 
a. 
(5.42) 
(5.43) 
To evaluate the'above vector, Gaussian numerical integration is used. The basic 
assumption of Gaussian numerical integration is that, 
jf 
F(r))dr = al[F(rl)l + a2fF(r2)1 ....... +a,, 
f F(r,, )l (5.44) 
b 
where, 
JF(r)j = vector/matrix, to be integrated between the limits a and b, 
aI! CC2I"'CCn = weighting factors corresponding to the sampling points, 
rl , r2l ... r,, = samp 
ling points, positioned between the limits a and b. 
The weighting factors and sampling points are calculated to give maximum accuracy 
based on the number of points specified. These values can be obtained from most 
numerical analysis text bookS41,44. 
Therefore the contribution to the resisting force vector at the kth sampling point can be 
expressed as 
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. ajýlj . 
IQRI al. 10 + P3 
k=l a,, 10 + a, 
4610 +a7lVi} +aJO 
(5.45) 
where n is the number of sampling points (Gauss points) along the element. Within 
this model four sampling points per element are used. 
Incorporating the finite element formulation into equation (5.32) allows the stiffness 
matrix to be expressed as 1. 
(KT)II f ejjýqlj dz 
I 
(this corresponds to displacements {U}) 
(KT), f [e2jýq#l + e3jý, #j dz 
I 
For I=1 to 4, 
(5.46) 
for i=5 to 8, 
(this corresponds to Oisplacements IV}) (5.47) 
(Kr)l : -- f [04jýqol + dz for i=9 to 12, 
I 
(this corresponds to displacements JWJ (5.48) 
(Kr )I =f 
[%ýq'l + e. jý, ', ' + e. jý,, 
] dz for i= 13 to 16. 
I 
(this corresponds to displacements 
JUI) (5.49) 
where elj, e2j ....... e., are defined in equation (5.33). Therefore the jth column can be 
written as, 
e2jýlj + e3,1ý1 dz 
e4jýlj + esjjýlj 
e,, Jýlj + e, jjýlj + e,, 
[ý I 
with the full matrix being written as 
[Kr] 
(e, )[ý, } 
(e2)[ý, } + (e, )Jýlj 
I 
(04)[0 + (e, )[Vl}),. 
(e, )[ýtj + (e, )JýIlj +'(e. ý 
)l 
(5.50) 
dz 
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This can be wriften symbolically as 
.. N-1 *- [KT] [K2]+[K3] [K4 ]+ [/, ý ] 
[/<, s ]+ [K71 + [Ka 
(5.52) 
here [1`4 21---, 
[K, ] 
are 4x16 matrices, which can be defined by incorporating w 
10 N 
the finite element model into equation (5.33), and using equation (5.51), producing 
f (eAl) dz 
I 
0 
=fý, I+ul) 
Ian\ 
1 
1( 
0ý -Dq / VW/ -Dq 
-My(g) + mw(ý40)] dz 
[K21 (e2j4ý ) dz 
(5.53) 
+ 
2v6v. " (vb ý vo, ' /am 
-, ýi--wý (1_(V&)3Y2 
)3(V )2 gl 2 
, Y)( 
0 
+ 
(V6 v0 (v ! L). t 
lamx 2\ 
1- (W6 0 + ()Z 2+e 72 -(OZYV& --j-/ 
(vb )2) ýv6) q 
f w6 Oz, 
+ 
W66Z, (V6)2 2v, " 2(v6 
)2 vö 
+(Oz)l'ý x\+ n(ý12)+mx 
oy 
(V6)2)3/2 (V6 )2 (vö )2)3/2 7(V, 
)2 )4( ,) 3(V6 VO" 3(v; vo (C2) 
- mx 
2v6 
+ 
(V., 
2 
(Vo ý)312 (Vo , )2r2 (V6 ý)3/2 
otvof 
z 
w6va 
+mx 
(V6)2 
(C3) 
+ mx 
I 
(V., 
14 )+ My (; 07f 
) (V4 
)2( , )2 , )2 , )2 )2 3 (v6 vo vo vo vo 
-MY 4)+ mx 
2. 
+ 
4(v; 
+12 
2(v6 
, 
-( 
fy (1 
_( 
)2f )2 (Va)2y V6 V6 vo 
_(OZ, 
)2) 2 2va(v #ý)2 
)(ý 
2 MX2 4 2 +mx (20. W. ')(ý1 )+f )2 + , 
(ý4) L 
vo 
T- 
V6 
(5.54) 
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[K31 f (e3jv) dz 
+VM 
2\ (a 
+ Li", + 41 - (V; ) 
vo 
1-(vjý., \ Oq 
mx 
-MX 
2vb + (C2) + M. 2 2v6vo" + 
(C2) 
)2 (Vol 
V6 V6 va 
++ 
cl 
vo 
MX2 dz 
[K4]=f (e4jýqlj dz 
i 
/ an v60' w6 2w6w, " (wbr (WOJ 
- 
11a 
fv [(wb) ++ (1 
a\ 
aq 
DMY2 
(vo, y w6 w Oz, 
jl-- 0 (V6Y)/, omx\+ (WG)(woý + wi ,( 
)2 \7-0q / 
wb (wo 
(5.55) 
Z( 
)2 2L0,1 2(w& f w Dfy 
+ 
v601 
+ 
vog E) P w6 
3/2 -+ 
0 
(w )2)3/2 (wb )2 (W6 )2)3/2 -(oz) raq 
0 
3(wa )2 WO" 3(wö)'4w, OZIW& 
+ -+ 3)- my 1» 
my 
(w& )2)3/2 (1_(W6)2)5/2, (W6 
V6W6 (WO' + 
(wb )2 )3/2 
3 (WG )2 
(ý4) 
x(i 
(ý, ý 
)2 ( ý )2 
.( 
)2 
+mx 
OZIV6 
2)+M, 
2 wo 
+ 
2(Wý wo 
.+ 
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1 
V5ý1 
In the above formulation of the stiffness matrix, the ' terms, 
(0, (c2 
2P 
(C3), (C31)# (ý4)1 (ý14), 
and (ý") are 1x16 row vectors which are defined 
), (c') 
4 
as, 
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(5.61) 
where, are IA row vectors of cubic shape functions and their 
derivatives. 
Numerical evaluation of stress resultants and their respective derivatives remains 
unchanged from the previous formulation and is therefore not repeated here. The 
stress resultants evaluýting the shear forces are obtained from the calculated 
reactions of each member. The derivatives of the shear forces are always zero for 
each member, due to the assumption that external forces act at nodal points only. 
After extending the model formulation to include flexural shear stress examples 2 and 
3 shown in Fig. 5.03 were re-analysed. The simply-supported beam, with a point load 
at mid-span, was modelled using four elements. Although the model can predict 
bifurcation loads it was also decided to subject the beam to vanous imperfections, 
consisting of an initial lateral bow and twist, thus allowing a more comprehensive 
validation to be conducted. Predicted load-lateral deflection relationships are shown 
in Fig. 5.06, together with a Southwell Plot of one of these predictions. The elastic 
critical load of 101.0 M estimated from the Southwell plot, and the computer model 
prediction of the perfect bifurcation load of 100.0 M compared very well with the 
theoretical load of 100.1 M, calculated by Timoshenko66. 
The - cantilever beam, with a point load at the tip was also modelled using four 
elements and subjected to various imperfections. The predicted load-lateral 
deflection relationships corresponding to this beam are shown in Fig. 5.07. The 
elastic critical load of 30.6 M estimated from the Southwell Plot, and the computer 
model prediction of the perfect bifurcation load of 30.0 M once again compared very 
well with the theoretical load of 31.17 M, calculated by Timoshenko66. 
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Load (KN) 
10074 
Bifurcation load =1 OOkN Theoretical elastic critical 
(computer model prediction) load = 100 M 
Ir w 
Imperfection = U4000 
so 
60 -ý 
40- 
20 
f f 
Imperfection = U1000 
L=6. Om 
E20= 205 kN/mm 2 
ýO is 25 30 
Lateral deflection (mm) 
LOAD-LATERAL DEFLECTION RELATIONSHIP FOR SIMPLY-SUPPORTED 
BEAM WITH A POINT LOAD AT MID-SPAN. 
Deflection / Load (mm/KN x 10 -3 ) 
20 
-4 0 2 4 
Slope = 9.9 x le 1/kN 
Critical load = I/slope = 101 M 
68 10 12 14 16 
Lateral deflection (mm) 
SOUTHWELL PLOT FOR THE BEAM WITH U2000 IMPERFECTIONS. 
Fig. 5.06., Load-lateral displacement relationships and Southwey Plot for a simply- 
supported beam with a point load at mid-span. 
Imperfection = U2000 
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Load (M) 
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LOAD-LATERAL DEFLECTION RELATIONSHIPS FOR CANTILEVER 
BEAM WITH A POINT LOAD AT THE TIP. 
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40 
Slope = 32.64 x le 
C(itical load = 1/slope = 30.63 W 
68 10 12 
Lateral deflection (mm) 
SOUTHWELL PLOT FOR THE CANTILEVER WITH U4000 IMPERFECTIONS 
Fig. 5.07. Load-lateral displacement relationships and Southweg Plot for a cantilever 
beam with a point load at the tip. 
Imperfection = U4000 
ImperfecUon = L/2000 
Pcr 
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Additional validation of the model was conducted by calculating' bifurcation loads and 
comparing them against theoretical solutions613. Simply-supported beams of various 
sizes and span lengths and a point load at mid-span were considered. The beams 
was considered to be perfectly straight (since bifurcation loads are required) and 
modelled using four elements. The predicted elastic critical loads are compared with 
the theoretical solutions and are shown in Table 5.02 
Beam size 
(UB's) 
Span length 
L 
(m) 
Slenderness 
rýti o 
A=Ilry 
Predicted 
elastic 
critical load 
(M. ) 
Theoretical 
load 
(M. ) 
Error 
N 
838x292xI76 12.0 203.4 280.80 280.90 0.04 
686x254x125 8.0 152.7 394.00 390.41 0.92 
533x21Ox82 8.0 182.7 154.50 154.20 0.19 
406xI78x54 6.0 155.8 137.00 136.77 0.17 
406x14Ox39 6.0 207.6 55.70 55.35 0.63 
305x1O2x28 6.0 288.5 23.65 23.53 
254x1O2x28 6.0 270.3 1 27.00 26.78 0.82 
Table 5.02: Comparison between computer model and theoretical solutions for elastic 
cfitical loads of a simply-supported beamNith a point load at mid-span. 
Further validation examples were considered, with the structural configuration being 
changed to a simply supported beam subjected to a uniformly distributed load. The 
number of elements used to model each beam was increased from four to eight. This 
was deemed necessary. to allow a reduction in the error caused by the model 
requirement of representing a uniformly distributed loads as a set of point loads at 
nodal positions. The beam size, span length, predicted and theoretical elastic critical 
load for each example are shown in Table 5.03. 
I 
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Beam size 
(UB's) 
Span length 
L 
Slenderness 
ratio 
A=Ilry 
Predicted 
elastic critical 
load 
(KN. /m) 
Theoretical 
load 
(kN. /m) 
Error 
N 
838x292x176 14.0 237.3 23.03 23.00 0.13 
533x21Ox82 10.0 228.4 14.98 14.90 0.54 
305xIO2x28 -6.0 288.5 6.64 6.53 1.68 
406x14Ox39 6.0 207.6 15.61 15.35 1.69 
254xlO2x28 6.0 270.3 7.60 7.47 1.74 
Table 5.03: Comparison between computer model and theoretical solutions for elastic 
critical loads of a simply-supported beam with unifonrnly dishibuted load. 
1: CONVERGENCE STUDY ON THE PREDICTION OF LATERAL-TORSIONAL 
BUCKLING. 
I 
To investigate the convergence of the model, when predicting lateral-torsional 
buckling, the simply supported beam with a point load at mid-span as shown in Fig. 
5.03 (example 2) was used. The beam was modelled using 2,4,8,16 and 32 
elements. The theoretical load, calculated to three decimal places, was found to be 
100.099 M. The results obtained from the model are shown in Table 5.04, with the 
error being shown graphically in Fig 5.08. 
Number of elements Elastic critical load 
(computer prediction). 
(M). 
Error 
N 
2 100.141 +0.040' 
4 99.976 -0.120 
8 99.953 -0.140 
16 99.951 -0.148 
32 99.951 -0.148 
Table 5.04: Results of convergence study to predict lateral-torsional buckling. 
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error 
0.10 
0.05 
0.00 
-0.05 
-0.10 
. 
-0.15 
-0.20 
... . ....... ..... . ..... 
.......... . ........................ 
L 
............... ......... 
048 12 16 20 24 28 32 
Number pf members. 
Fig. S. 08: Graphical representation of convergence study into predicting lateral- 
r- torsional buckling. 
It was found that the model converged towards an answer of 99.951 M compared to 
the theoretical load of 100.099 M giving an error of -0.148%. This error was 
considered to be acceptable and conservative. 
5.12: DESTABILISING LOADS. 
As explained in Chapter 4, the model has been extended to allow the reference axis 
(and thus the nodal positions) to be placed at any point on or outside the cross- 
sect 
' 
! on of. the beam. With this capability the position of load application,. which is at 
the nodal point on the reference axis, can be varied. As an extra validafion for the re- 
positioning of the reference axis, and to extend the validation for lateral-torsional 
buckling, the node was placed on the top flange and the examples studied for a 
simply-supported beam with a point load at mid-span were repeated. The predicted 
elastic critical loads obtained from the model are shown in Table 5.05 together with a 
comparison with theoretical solutions66 for destabillsing loads. 
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Beam size 
(UB's) 
Span length 
L 
(m) 
Slenderness 
ratio 
A=Ilr, 
. Predicted 
elastic 
critical load 
(M) 
Theoretical 
load 
(M) 
Error 
(0/0) 
838x292x176 12.0 203.4 186.425 186.150 0.15 
686x254xI25 8.0 152.7 257.098 252.098 1.99 
533x2lOx82 8.0 182.7 102.363 102.290 0.07 
406xI78x54 6.0 155.8 89.635 89.250 0.40 
406xI4Ox39 6.0 207.6 36.607 36.715 0.30 
305x1O2x28 6.0 288.5 17.609 17.570 0.22 
I 254xlO2x28 6.0 
1 270.3 1 20.936 [ 20.955 
j 
0. 
Table 5.05: Comparison between computer model and theoretical solutions for elastic 
critical loads of a simply-supported beam with a point load at mid-span and positioned 
on the top flange. 
As expected the critical loads are less than the values given in Table 5.02, due to the 
additional torque. induced by the load being applied at the top flange as twisting of the 
beam occurs . The computer model predictions for destabilising. loads compare very 
well with the theoretical solutions. 
5.13: VALIDATION FOR INELASTIC LATERAL-TORSIONAL BUCKLING. 
In the previous section, to enable the model to be compared against classical 
theoretical solutions for elastic critical loads, the beams were assumed to remain 
elastic, to be initially unstressed and for bifurcation solutions to be perfectly straight. 
However some beams can fail by late ral-torsional buckling in the inelastic range, in 
which some of the material has yielded before buckling commences. The inelastic 
buckling load will be lower than the corresponding elastic buckling load due to spread 
of yield within the member. If the beam is stocky enough then nearly the whole cross- 
section, at its most highly stressed areas, will become inelastic and buckling will not 
occur before failure due to in-plane bending. Therefore there are three possible 
modes of failure for an unrestrained beam which are summarised below and are 
dependent on the slenderness of the beam (represented by the relationship67 
between the plastic moment capacity Mp, and the elastic critical moment Mcd: 
(a) Beams of high slenderness 
(VMPIMcr 
> 1-1) which fail by elastic lateral-torsional 
buckling at Mcr 
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(b) Beams of intermediate slenderness 
(1.1)VMp1Mcr 
> 0.4) for which collapse Is by 
inelastic lateral-torsional buckling, at loads below Mcr 
(c) Stocky beams (0.4 > VMpIMcr) which are capable of attaining Mp without 
buckling. 
These three conditions are shown schematically in Fig. 5.09. 
Non-dimensional 
applied moment 1.0 
M/MP 
0.0 
I 
1.0 
Modified slendmess %fM-pIMcr 
Fig. 5.09: Different modes of failure for unrestrained beams. 
Apart from the possibility of significant portions of the beam being inelastic when 
buckling commences, different forms of imperfection will also need to b6 considered. 
These include 
(i) 
(ii) 
(iii) 
(iv) 
geometrical imperfections, such as initial curvature and twist, 
construction tolerances creating eccentricities at the position of the applied load 
and supports, 
residual stresses, 
variations in material properties. 
Design rules use an empirical design curve, which is based on an adjusted Perry- 
Robertson approach67,65-19. This curve uses one type of equivalent imperfection, an 
initial lateral bow, which allows approximately for all imperfections. The imperfection 
parameter used to obtain the maximum value of the initial bow is given by, 
j7 = 0.003A for BS 4494 (5.62) 
and 
q=0.007(" Lr- " LO) for BS5950 Part 149 (5.63) 
where, 
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I 
x2E 2 
y 
ALO = 0.4 p and 
ALT = nuvA 
where 
A= slenderness ratio about the minor axis, 
and the other symbols are defined in BS 5950 Part'l 49. 
Both formulas tor the maximum lateral bow at miý-'span give very similar solutions. 
To validate the mqdel for inelastic lateral torsional buckling a comparison was made 
with full-scale tests conducted by Kitipomchai and Trahair68, who also made finite 
element predictions69. The structural configuration consisted of a simply-supported 
beam,. with a point load placed at mid:, span at a height of-219mm above the centioid 
of the beam as shown in Fig. 5.10. 
r 
219.0 
Node position 
Reference axis 
12.42 
i 
261.06 
156.95 
(all dimensions in mm) 
Fig. 5.10: Structural configuration for the expetiments conducted 
by Mipomchai and TrahalrM. 
Four tests were carried out on different spans of a single serial size, which produced a 
range of minor axis slenderness ratio from 68.14 to 170.34. The loading arrangement 
was such that the resultant applied load remained vertical throughout the test even 
when the beam deflected laterally and twisted. The support conditions prevented 
twisting of the beam together with lateral and vertical displacement, but allowed lateral 
and vertical rotation together with warping. The measured material properties of 203 
kN/mM2 for Young's modulus and 302.2 N/mM2 for the yield stress were used in the 
analysis. The comparison between experimental and predicted results is shown in 
Table 5.06. The computer model results compare well with the previous theoretical 
solutions, with both sets of results being within about 10% of the experimental results. 
Vitipomchai and Trahair attributed the error between their predicted and experimental 
results to initial geometrical imperfections. The analyses differ slightly in that initial 
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residual stresses, for which an assumed pattern was Included in the analysis by 
Kitipomchai and Trahair, were ignored in this wo rk. Within these validation examples 
all imperfections were assumed to be represented by an equivalent Initial out-of-plane 
bow, calculated by the BS5950 Part I assumption (equation 5.74). An inspection of 
the published lateral displacements during the test suggests that this has 
underestimated the actual imperfection. 
Beam 
serial size 
Beam 
span 
W 
Slenderness 
ratio A=Ilry 
Experimental 
critical load 
(k ) 
Present 
analysis 
(M) 
Kitipomchai 
& Trahair 
analysis (M) 
10 UB 29 2.44 68.1 234.96 259.199 252.5 
3.05 85.2 185.12 204.99b 198.3 
3.66 102.2 145.07 148.399 152.6 
6.10 170.3 56.96 1 53.599 55.0 
Table 5.06: Comparison between computer model predictions of inelastic lateral- 
torsional buckling loads and Kitipomchal and Trahai? 68 
experimental and computer results. 
5.2: THE BEHAVIOUR OF BEAMS AT ELEVATED - 
TEMPERATURES. t 
In order to set the findings for unrestrained beams into context the prescribed limiting 
temperatures (failure temperatures), specified in BS5950 Part 85, are first compared 
with analytical results for beams with the compression flange continuously restrained 
against lateral deflection. Uniform heating is assumed throughout. 
5.21: BEAMS WITH CONTINUOUSLY RESTRAINED COMPRESSION FLANGE. 
This case has often been analysed, particularly for beams supporting concrete slabs 
on their top flange with uniformly distributed loading, and it is known that the limiting 
temperatures given in BS5950 Part 85 and EC3 Part 1.26 for this three-sided heating 
(the heat sink effect of the concrete keeps the top flange cooler) are an accurate 
lower bound. The examples presented here are slightly different in that uniform 
heating is assumed (since the main investigation is for unrestrained beams) causing 
the neutral axis to remain static at the section's centroid. Since no buckling can take 
place the "failure" criterion when in-plane deflection reaches span/20 must be used. 
Before a study is conducted another validation example (and convergence study) was 
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conducted by comparing the results for the example shown In Fig. 5.11 against those 
produced by another model developed by Burgess et a/ 70 
Vertical displacement at mid-span (mm) 
675 
650 
625 
600 
575 
550 
525 
sw 
475 
450 
425 
400 
375 
350 
325 
300 
275 
250 
225 
200 
175 
iso 
125 
100 
75 
50 
25 
0 
w= 45.8 kN/m 
Uniforinly heated 
4.0 m# 
Cross-section: 254xl46x43UB 2 Yield stress at 20 OC = 275 mm 
Young's Modulus at 20 OC = 205 kN/mm 2 
Load ratio = 0.6 
I 
0 50 100 150 200 250 300 350 400 450 500 550 600 650 700 
16 elements 
IIIIIIIIIIIII 
Temperature (*C) 
5.11: Convergence study for a uniformly heated simply-supported beam with 
uniformly distributed load and continuously restrained compression flange. 
The model calculated that a deflection of span/20 is reached at 5850C when four 
elements were used to model the beam. When the number of elements was 
increased to 8 and then 16, temperatures of 5790C and 5770C were obtained. The 
convergence study conducted by increasing the elements was not continued beyond 
16 since the results from 8 to 16 elements ate very similar. The main difference in the 
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results is due to the representation of a uniformly distributed load by a series of point 
loads, since the model is limited to loads being placed at nodal points. Therefore 
throughout this study all beams are modelled using four elements except for beams 
with uniformly distributed load for which the number is increased to eight. 
The results produced by the model compare very well with the analysis by Burgess et. 
al. 70 who calculated a failure temperature of 57511C. Both analyses' predicted higher 
temperatures than the limiting temperature in BS5950 Part 8, of 55511C. 
A more extensive itudy was conducted to allow a comparison of the predicted limiting 
temperatures at different load ratios for uniformly loaded beams. A series of different 
serial sizes and spans wqre. used (as shown in Fig. 5.12) giving different span: depth 
ratios. To allow a comparison With BS5950 Part 8, the results shown in Fig. 5.12 are 
presented in terms of limiting (failure) temperature and load ratio defined for 
restrained beams as 
R= M"f 1 where , Mt = applied moment at the fire limit state, 
/Via 
Me = moment capacity about major axis. 
It has previously been shown70 that the span: depth ratio is a controlling parameter for 
limiting temperatures of restrained beams, and. - the effect of this parameter is also 
shown in Fig. 5.12. It can be seen that the limiting temperatures given by BS5950 
Part 85 are generally conservative compared with the computed results. The yield 
stress used in design at ambient temperature differs slightly between BS5950 Part 14-9 
and EC3 Part 1.171, so it is not possible to plot the EC3 Part 1.26 limiting temperatures 
on the same figure since the load ratios have slightly different meanings. However 
these differences are small and since the relationship between limiting temperature 
and load ratio is identical in each of the codes it may be said that the use of the 
limiting temperature method on simple beams with continuous compression flange 
restraint and uniformly distributed loading is vindicated by these results. Also shown 
in Fig. 5.12 are computed failure temperatures when the loading pattern is changed to 
a point load placed at mid-span. These results also vindicate the use of the limiting 
temperature method for this type of load pattern and structural configuration. 
When the form of loading is changed to the most onerous condition of uniform 
bending it can be seen from Fig. 5.12 that the limiting temperatures lie within the 
cluster of computed results rather than below them. For the higher span: depth ratios 
the codes are no longer conservative-, although the discrepancies are relatively small 
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mm 
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F 
0.1 
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span/depth = 27.5 
IIIýI11 
0.2 0.3 0.4 0.5 0.6 0.7 0.8 
Load Ratio 
Fig. 5.12: (Continued) Compadson between limiting temperatures and computer 
analysis for simple beams with continuously restrained compression flange. 
and would not imply more than a few minutes reduction in fire survival time. However 
since regulatory requirements specify survival time in a step-wise manner2, passing 
over set thresholds contributes a large increase in regulatory fire protection. 
Comparing the load cases presented, the relationship between load ratio and limiting 
temperature in both Codes is based simply on strength reduction factorS5.6 (which 
were discussed in Chapter 1). If steel exhibited a sharp yield-point at high 
temperatures, and if failure was defined by completion of the central plastic hinge, 
then the use of strength reduction factors would produce a single failure temperature 
for all simple beams at any given load ratio, without reference to the loading case. 
However since a deflection criterion is actually used, with stress-strain curves which 
are curvilinear at high temperatures, some spread of failure temperatures occurs, as 
can be seen, althodgh this ýpread should never be very dreat for restrained beams. 
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5.22 UNRESTRAINED BEAMS WITH LOAD APPLIED AT THE SHEAR CENTRE. 
The model was used to conduct an investigation into the behaviour of uniformly 
heated, unrestrained simply-supported beams, loaded at the centroid (also the shear 
centre) of the cross-section. There are several factors which affect the lateral- 
torsional buckling behaviour of steel 1-beams at ambient temperature, including cross- 
sectional properties, - span, support and restraint conditions, and the precise form of 
loading employed. For any given case the ratio MbIMcx (in the terminology of 
BS5950 Part 149) is a convenient measure of the tendency to lateral-torsional 
buckling, with low values representirfg slender cases and values approaching 1.0 
representing stocky beams where the preferred mode of failure Is due to the formation 
of a plastic hinge. Within this study six different serial sizes were chosen, with spans 
giving a wide range of values for MbIMcx, which are shown in the graphical 
representation of the results presented in Figs. 5.13 and 5.14. Two of the beams, 
457x191x67UB and 838x292xl94UB were chosen to give exactly the same value of 
MbIMcx. In the case of a uniform load an additional beam 914x3O5x253UB, was 
analysed which produced a similar MblMcx ratio to the beam 305x3O5xl58UC. This 
was deemed necessary as an additional check for this load case, since a sudden 
change in gradient was experienced between load ratios of 0.6 and 0.7 (refer Fig. 
5.13) when the 305x3O5xl58UC was analysed. The range of the ratio MbIMcx was 
chosen so that at ambient temperature both plastic and inelastic lateral-torsional 
buckling failure modes were represented. The actual value of this ratio varies with the 
loading arrangement and is shown in the graphical representation of the results. An 
initial out-of-plane imperfection was assumed which gave an imperfection parameter 
value of ý7= 0.003A. The support conditions allow both flanges to rotate and warp, 
but prevent twisting about the beam's axis. Thus the effective length of the beam is 
its actual span, in the absence of intermediate points of restraint. 
The results were represented in terms of failure temperature and load ratio, which is 
defined as 
R= MMf (5.64) Mb 
where, 
m= equivalent uniform moment factor (=1.0 if the slenderness correction factor n is 
used in the calculation of M), 
Mf = applied moment at the fire limit state, 
Mb = buckling resistance moment (lateral torsional) 
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For each condition the value of Mb was obtained from. tables, of member capac7ities72, 
with the value of n (slenderness correction factor) being obtained from Table 20 in 
BS5950 Part 149. The loading conditions shown in Figs 5.13 and 5.14 were chosen to 
give a wide range of bending moment distributions. The most severe case, In terms 
of its effect on lateral stability Is that of uniform moment, for which the slenderness 
correction factor n is set at 1.0 In BS5950 Part 1. Other less severe patterns of 
bending moments are considered with the value of the slenderness correction factor 
highlighting the severity of the bending moment distribution. Each of the six beams 
was subjected to different loading conditions, and to load ratios of 0.7,0.6,0.5,0.4, 
0.3.0.2, and 0.1. ýour elements werd found to be adequate to model each beam for 
ý11 loading conditions, except that of uniform ly distributed load for which the element 
number was increased to eight in order to reduce the error due to the limitation of the 
model in accepting nodal loads only. The results obtained are shown in Figs. 5.13 
and 5.14 in which the limiting temperatures presented in Table 5 of BS5950 Part 85 
are shown for comparison. 
It would be of inte'rest to compare the computed failure temperatures with both 
BS59505 and EC36 limiting temperatures. Both design Codes essentially use the 
same concept of load ratio, with EC3 using a "reduction factor" in its Load Domain 
calculation and a "degree of utilisation" in the Temperature Domain. For equivalent 
values of load ratio very similar failure (limiting): temperatures are obtained from the 
two Codes. However the essential difference in the processes is in calculation of the 
ambient-temperature buckling resistance moments, with EC3 typically producing 
higher values. In fire design EC3 Part 1.2 reduces the buckling resistance by dividing 
it by an "empirical correction factor" of 1.2. Therefore if this reduced buckling 
resistance moment is the same as that calculated in BS5950 Part 1, then the load 
ratio defined in both Codes is identical and thus similar failure temperatures are 
specified. However this is not typically the case, with the values of load ratio from the 
two Codes being different. Therefore the comparison between the analytical results, 
BS5950 and EC3 cannot be shown on the same graph. In this study the analysis was 
compared against BS5950 only, except in the basic case of uniform moment for which 
comparison was made with both Codes, as shown in Fig. 5.13. 
Specimen design calculations of limiting temperature according to both Codes are 
presented for a simple beam of serial size 686x254xl25UB, Grade 43, With 6. Om 
span and a uniform bending moment of 329.4 kNm at the fire limit state. 
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UsIng BS5950 Parts 149 and 85 
Buckling capacity calculation from Part 1: 
Slenderness correction factor n=1.0 [Table 20] 
Effective length Le = 6.0 m [Table 9] 
Buckling resistance moment Mb = 549 kNm 
Limiting temperature calculation from Part 8: 
Equivalent uniform moment factor m=1.0 
Applied moment at fire limit stýte M, = 329.4 kNm 
Load ratio 
'Mr = 0.6 Mb 
Hence, limiting temperature = 55511C 
(b) Using EC3 Parts 1.171 and 1.26 
Buckling capacity calculation from Part I. I: 
Since, 
Modulus of elasticity E= 210,000 NImM2 
Shear modulus G= 80769.2 N/mM2 
Warping constant Iw = 4.79 x 1012 MMG 
Second moment of area 
about the minor axi's IZ 
Torsion constant it 
Effective length factors k 
k,, 
Load case factor Cl 
Elastic critical moment 
, r2 Etz [[Tk_ 
w 
r2 Ei, 
= 965.2 kNm 
Yield stress fy = 275 N/mM2 [Table 3.11 
For class I section 8,, = 1.0 [Table 5.3.11 
Normalised slenderness Mcr 
= 1.07 
(where WpLy is the plastic sectlion modulus about major axis (Y-Y)) 
0 LT = 0.5[1 + 0.2) + 
; [2 
LT 
= 1.16 
Mllr = Cl 
F 05 
LT '8ww 
ply 
f. 
- 
Mcr 
I 
= 4380x 104 MM4 
= 116 x 104 MM4 
= 1.0 
= 1.0 
= 1.0 
_n C 
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Reduction factor for. lateral-torsional buckling 
1 XLT = 
. 10.5 
LT + 10 'LT -A "zr 
0.62 
U. K. partial safety factor VM. 1 1.05 
Buckling resistance moment MbRd [d. 5.5.2] Y. I 
649.2 kNrn 
Limiting temperature calculation from Part 1.2 (temperature domain): 
Design effect of the actions in fire Efl. d= 329.4 kNm 
Load capacity at fime t=O Rfl. d. 0= 649.5 / 1.2 = 541.25 kNm 
(where 1.2 is an empirical correction factor) 
Degree of utilisation at time t=O PO = EfldlRfldO 
= 0.61 
Utical (limitigg) temperatUre oalcr = 39.19 In 
I- 1) +482 
( 
0.9674. "03.833 
= 551 11C 
Alternative limiting temperature calculation from Part 1.2 (load domain) 
Design buckling resistance at time t Mbfltkd = 329.4 kNm 
Reduction factor for yield strength of steel at temperature Ormx 
ky, 
Vmax =I 
2Mbfl, 
t,,: zd 
= 0.609 Mb, 
Rd 
{Where 1.2 is an empirical correction factor) 
From Table 3.1 On= 555 OC. 
The limiting temperatures for the above example are similar in both Codes. This was 
due to the "empirical correction factor" in EC3 Part 1.2 which divides by 1.2 the 
buckling moment calculated in EC3 Part 1, which in this case gave a value for 
buckling capacity at time =0 similar to the buckling capacity given by BS5950 Part 1. 
This caused the load ratios to be similar and thus gave the same limiting 
temperatures. However extrapolation from this example may be dangerous, since the 
discrepancies between the two Codes' calculations of ambient-temperature buckling 
capacity is rather inconsistent. This is highlighted in Table 5.07 where a comparison 
is made between the two Codes for the six beams used in this study with uniform 
moment. 
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Beam section 
size 
Span 
(mm) 
Lateral-torsional buckling 
resistance m ment (kNm) 
% Difference 
BS5950 EC3 
356xl27x39UB 6000 44.70 50.28 12.5 
457xl9lx67UB 6000 159.00 183.18 15.2 
838x292xl94(JB 9000 786.00 925.19 17.7 
203x133x3OUB 5000 39.00 43.60 11.8 
686x254xl25UB 6000 549.00 647.86 18.0 
305x3O5x158gg L 9000 1 527.00 551.17 4.6 
Table 5.07., Compadson between BS5950 Part I and EC3 Part 1.1 for the lateral- 
torsional buckling resistance moment of simple beams under uniform moment. 
Although both Codes produced a failure temperature of 5550C this does not compare 
very well with the analytical prediction of buckling at 4870C. Fig. 5.13 shows the full 
comparisons between limiting temperatures according to both Codes and the 
analysis, for all six beams over the full range of load ratios. The essential difference 
between the two graphs lies in the way in which the load ratios have been calculated. 
It is interesting to note from the graph in which load ratios are calculated to BS5950 
that the beams 457xl9lx67UB and 838x292xl94UB and the beams 305x3O5xl58UC 
and 914x3O5x253UB, which have spans set to produce identical MbIMCX for uniform 
moment, have identical failure temperatures throughout the range of load ratio. 
The predicted failure temperatures for various other loading conditions are shown 
graphically in Fig. 5.14, but are only compared with BS5950 limiting temperatures. 
These show a general pattern of results similar to those for uniform moment, except 
that the range of variation in failure temperatures for various MbIMCX values is not as 
high. 
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Failure Temperature (OC) 
850 Limiting 
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. 350- 
300- 
250- 
200- 
150- 
100- 
50- 
0 
0 
temperatures 
presented In 
BS. 5950 Pt. 8 
356xl27x3g UB 
(span = 6.0 m) 
M blMcx 0 0.28 
457xl9lx67 UB 
(span = 6.0 m) 
MbIMCX = 0.43 
838x292xl94 U13 
(span = 9.0 m) 
M blMcx = 0.44 
I 
686x254xl25 UBJ 
(span = 6.0 m) 
MblMcx = 0-56 
203xl33x3O UB 
(span = 5.0 m) 
M blMcx = 0-5 
PP 305X305XI58 UCJ 
-W. 
Ii 
AU 
(span = 9.0 m) 
rU4 U4 Mb IMCX = 0.78 
#0 .0# 
`V/Z6// 
IIIIIII 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 
Load Ratio 
Fig. 5.14: (Continued) Failure temperatures for unrestrained beams under the loading 
pattern shown 
In all the examples studied failure was due to lateral-torsional. buckling. It would not 
be possible (or worthwhile) due to space ' limitations to produce lateral 
displacement: temperature relationships for each case. Instead only two examples are 
presented, both with point loads placed at quarter span (the most "unconservative" 
comparison with BS5950). The first is 356xl27x39UB with a load ratio of 0.7. and it 
can clearly be seen from Fig. 5.15 that failure is due to lateral-torsional buckling. The 
second example is 305x3O5xl58UC with a load ratio of 0.5, and once again Fig. 5.16 
shows that failure is due to lateral-torsional buckling. 
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Out-of-plane displacement at mid-span (mm) 
.. 1.6 ý 
1.25 -ý 
I- 
0.75 - 
0 
0.5 - 
0.25 - 
Failure temperature = 4750 C 
pp 
U4 U4 
Loading prrangement 
0 160 26o 36o 46o Soo 
Temperature 0C 
Fig. 5.15: Tedperature - lateral displacement relationship for unrestrained 
356xl27x39UB with load ratio of 0.7. 
Out-of-plane displacement at mid-span (mm) 
5. 
Failure temperpture = 512.2 
-J 
2- 
0 
4- 
I -ý 
0 
IP LP 
U4 U4 
Loading arrangement 
160 260 300 400 Soo 600 
Temperature "C 
Fig. 5.16: Temperature - lateral displacement relationship for unrestrained 
305x3O5xl58UC with load ratio of 0.5. 
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5.23: UNRESTRAINED BEAMS WITH LOAD APPLIED ABOVt THE SHEAR 
CENTRE. 
The destabilising effect of placing the load on the top flange was considered for the 
case of a point load at mid-span and an uniformly distributed load. The same six 
beams were analysed, but with different spans. Once again the 457xl9lx67UB and 
838x292xl94UB spans were chosen to give exactly the same value of MbIMcx to 
allow a comparison to be made. 
As can be seen from the results shown in Fig. 5.17, the failure temperatures are 
higher compared to the predicted results with the load placed at the shear centre. 
This is due to the very conservative nature of the BS5950 Part 149design calculation 
for the ambient-temperature buckling resistance moment under destabilising load. 
The method uses a slenderness correction factor of 1.0, irrespective of the moment 
pattern, and also a 'blanket: allowance' of an assumed effective length equal to 1.2 
times the actual span. Load ratios are therefore artificially increased in these cases. 
EC3 Part 1.171 adoýts a more analytical approach to the calculation of ambient- 
temperature load capacities under destabilising load, in which the height of the load 
application point is specifically used, and this again produces higher buckling 
capacities compared to BS5950 Part 1. Considering uniformly distributed load placed 
on the top flange for the beams used in this study EC3 Part 1.1 increases the lateral- 
torsional buckling capacity generally by about 20%, except for the Universal Column 
section for which the increase is only 9%, although this increase is reduced by the use 
of the "empirical correction factoe'of 1.2 in fire design. 
5.24: GENERAL OBSERVATIONS OF THE BEHAVIOUR OF UNRESTRAINED 
BEAMS AT ELEVATED TEMPERATURES. 
Taking an overview of the results shown in Figs. 5.13,5.14 and 5.17 it can be seen 
that, at least for the higher range of load ratios, the failure temperatures for 
unrestrained beams with any consistent loading pattern vary with the value of MblMcx 
(Or MbRdMcRd in the notation of EC3), with instability occurring at progressively 
lower temperatures as this increases. It may be argued that this is because inelastic 
buckling loads in general are controlled by tangent modulus values on the local 
stress-strain curves of the members affected, just prior to instability occurring. The 
stress-strain curves of steel at elevated temperatures are continuously curvilinear, 
tending towards zero slope at ultimate stress levels which degrade with rise in 
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temperature. At any given load ratio a beam with a higher value of MlIMcx will be 
more highly stressed than one with a lower value. Its compression flange Is therefore 
subject to a. lower tangent modulus -in resisting any infinitesimal disturbance and as 
the temperature rises this tangent modulus rapidly declines. This Is shown 
schematically in Fig. 5.1 B. 
Stress 
Strain 
Fig. 5.18: Mustration, of the different rates of degMdation of tangent modulus with 
temperature for members at higý and low load levels. 
As load ratios decrease the failure temperatures of all beams can be seen to 
converge to a single value depending only on-the load ratio. Failure for these cases 
is essentially by elastic buckling, which takes place when the increase in temperature 
has reduced the initial (Young's) modulus to a proportion of its original value 
approximately equal to the load ratio. 
An effort was made to rationalise the results presented for lateral-torsional buckling 
similar to the representation at ambient temperature, which uses an empirically based 
design curve49,73, defined by a modified form of the Perry equation. This curve allows 
the lateral-torsional buckling strength (P) to be obtained based on the slenderness 
value (AL. T) of the beam. The slenderness value considers a beam's geometrical 
properties, support conditions and (if the n-factor method is adopted4g. 73) the 
arrangement of the applied load. The basic design curve assumes uniform moment 
between lateral restraints. If a moment gradient is applied to the beam the tendency 
toward instability would be less severe compared to uniform moment, with the beam 
being able to withstand a larger peak moment before becoming laterally unstable. To 
utilise the beneficial effect of moment gradient when using the design curve two 
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alternative methods are presented. The first,. known as the* n-factor method49-73, 
Involves modifying the slenderness value by a factor n, which produces a value of Pb 
which reflects the enhanced* strength. of the beam due to non-uniform moment. The 
second approach, known as the rn-factor method49.73, consists of adjusting the design 
moment by multiplying the applied maximum moment by a factor m (where m<1 for a 
non-uniform moment). By using appropriate values of n and m both methods will 
produce the same results. However BS5950 Part I restricts the use of the rn-factor 
method to beams loaded at points of lateral restraint only. 
Considering unrestrained beams at 6levated temperatures an effort was made to 
iepresent the behaviour for any given load ratio, independent of the loading pattern, 
based on failure temperature and slenderness of the beam (analogous to the design 
curve at ambient temperature). However this was not possible due to the different 
rates of degradation of stiffness for different loading arrangements. For example, 
considering a beam under uniform moment the stress distribution through the cross- 
section is the same along the length of the beam, and so the reduction of stiffness 
due to the rise in terperature it constant along its length. However in the case of a 
moment gradient the rate of reduction of stiffness in the more highly stressed zones 
of the beam will be greater than in the zones of low stress, as: shown in Fig. 5.18. 
This can be seen by comparing the case of uniformly distributed load with that of two 
point loads placed at the quarter points of the span (see Fig. 5.14). Both these 
loading arrangements produce an n-factor of 0.94 and thus have similar buckling 
capacities at ambient temperature. However the two point loads produce peak 
moment over the greater length of beam compared to a uniformly distributed load. 
Since the degradation of stiffness is greater in the zones of higher stress, the beam 
with the point loads fails at lower temperature. This additional variable of the rate of 
reduction in stiffness along the beam for different loading conditions will destroy the 
relationship between failure temperature and slenderness. Therefore, unfortunately, 
there seems no obvious method of rationalising the results presented for lateral- 
torsional buckling of beams at elevated temperatures. 
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6.0: MODELLING FLOOR SLABS USING FLAT SHELL 
ELEMENTS. 
A typical method of forming a flat shell element Is to superimpose a plate bending 
stiffness and a plane stress membrane stiffness, as shown In Fig. 6.01. 
Flat shell element Plate element Plane stress element 
Fig. 6.0 1: Flat shell element. 
6.01 PLATE ELEMENT FORMULATION. 
With the plate element formulation the following assumptions are made4l, 
1. The stress normal to the surface of the plate is zero. 
2. As the plate deforms, material particles which were originally on a straight line 
normal to the mid-surface of the plate remain on a straight line. In the Kirchhoff 
(thin plate) theory, shear deformations are neglected and straight lines originally 
perpendicular to the mid-surface remain perpendicular during deformation. In the 
Mindlin/Reissner (thick plate) theory, shear deformations are included and 
therefore lines originally normal to the mid-surface will in general, not remain 
perpendicular to the mid-surface during deformation. 
In the Kirchhoff theory41.43 the state of plate deformation is represented by a single 
quantity (v), corresponding to the lateral displacement of the middle plane of the plate. 
Therefore the generalised strains are represented by the second derivatives of this 
lateral displacement. To ensure finite values for the strains, the lateral displacement 
and the slope (first derivative of v) must be continuous between element boundaries. 
This continuity requirement is known as C, conUnUity43, and causes mathematical and 
computational difficulties in defining shape functions to fulfil this criterion for plate 
elements. 
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The Mindlin/Reissner theory4l, 43 uses different variables to define the lateral 
displacement and slope, each with independent shape functions. Therefore the 
generalised strains are represented by the first derivatives of the slope, which means 
that the slope and lateral displacement must be continuous at the element 
boundaries. This continuity criterion is referred to as CO continUity43 and is easier to 
implement than C, continuity. However the Mindlin theory can only be used for thin 
plates if higher-order elements (elements with 9 or -16 nodes) -are used. If lower-order 
elements (elements With 4 nodes) are adopted to model thin plates then the elements 
become artificially stiff, a phenomenon commonly referred to as shell-locking4l. 43. 
Various methods 6ave been developM to overcome this problem, consisting of the 
6e of selective or reduced integrafion, or the use of discrete Kirchhoff theory74. 
However recent research75 has shown that these approaches can be integrated into a 
more general formulation which approximates the shear and bending deformations 
independently (a method known as mixed interpolation). It was therefore decided to 
adopt the Mindlin/Reissner theory with mixed interpolation so that, 
f 
1. any form (i. e. -thick and thin) of shell/plate can be modelled. 
2. lower-order elements (mainly 4-noded) can be used when modelling thin shells. 
3. the formulation can be extended to geometrical and material non-linearities84. 
The basic isoparametric4l finite element formulation was followed with a relationship 
existing between displacements at any point within the element and the element nodal 
displacements, by the use of interpolation (shape) functionS41.42. These interpolations 
express the element coordinates and displacements in the form of the natural 
coordinate system of the element, which has variables rs and t that each vary from -1 
to +1, as shown in Fig. 6.02. 
If we consider the general three-dimensional element the coordinate interpolations 
are, 
x= 
jhxj 
y=j hjyj Z=th, z, (6*. 01) 
/=I 1=1 1=1 
where, 
X'Y'Z are local the coordinates any point within the element, 
x,, y,, z, (i = 1,2,3 ........ q) are the coordinates of the element nodes, 
h, (i = 1,2,3 ........ q) are the shape 
functions defined in the natural coordinate 
systeM41. . 
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-1 
Fig. 6.02: Natural coordinate system of the element. 
+1 
-1 
The element displacements are interpolated in the same way, and are given by, 
q 
u= 
thjul 
V=Lhjvj W=JhjWj (6.02) 
1=1 IW 
where, 
U'V'W are local element displacements at any point within the element, 
u,, vi, w, Q=1,2,3 ......... q) are the element nodal displacements. 
In the formulation of the element stiffness matrix the element strains are required, 
which are obtained in terms of the derivatives of element displacements with respect 
to the local coordinates. Since the element displacements are defined in the natural 
coordinate system, the x, y and z derivatives need to be related to the r, s and t 
derivatives. Therefore let, 
x=f, (rs, t) y=f, (r, s, t) z=f, (r, s, t) (6.03) 
where f, denotes 'function of. Also let, 
r=f, (x, y, z) S= fs(x, y, z) t= f6(X-Y, Z) (P. 04) 
To obtain the derivatives 01,0x, 010y and 01,02 the chain rule is used. 
09 Or oos 
+- 
0 Ot 
Ox or 99X los ox Ot 49X 
with similar expressions for alay and 010Z. 
(6.05) 
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To obtain 91,9x, the value OrIOX is needed which requires the relationship defined in 
equation (6.04) to be evaluated. However these relationships are generally difficult to 
establish explicitly, and so the required derivatives are obtained in the following way. 
Using the chain rule, the following relationship is formed, 
0 
Or 
99S 
9 
a 
ggx ggy oz 
19r Or or 
igx d9y . 9z 
ýs 99S Os 
ax gy 49Z 
r 
(6.06) 
which can be expressed in matrix form as, 
=1 (6.07) Or CI X 
where J is the Jacobian operator, relating the natural coordinate derivatives to the 
local coordinate derivatives. Since 0 /, D x is required we obtain, 
a= J-1 a (6.08) 
aX Tr 
which requires that the inverse of J exists. This will be the case provided that there is 
a one-to-one correspondence between the natural and local coordinates of the 
element. Once the derivatives are obtained the strain-displacement transformation 
matrix'& can be obtained which allows the strains at any point within the element to 
be calculated using, 
c= Bä 
where, 
e= strain vector, 
B= strain-displacement matrix, 
6= vector of displacements at nodal positions. 
(6.09) 
It should be noted that the formulation presented so far has been for a general three- 
dimensional element, and will be truncated for the following two-dimensional 
elements. 
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Considering a plate element shown In Fig. 6.03, and following the sign convention of 
the existing model, the displacement components of a point of coordinates x, y, z 
(assuming small-displacement bending theory) are, 
u=- Vß- (x. y) W= -yß. (X. y) V= V(x, y) , ý, 6 
X, W 
y, v 
/ 
I 
Fig. 6.03: Plate element 
oz 
The bending strains ezz, exx, rzx vary linearly through the plate thickness and are given 
by the curvatures of the plate, as shown. 
apz 
A -P 
zz ON Exx y ax Yzx nn An V--- I zxi I nn nn UPZ UPX 
ax oz 
The transverse shear strains are assumed to be constant through the thickness and 
are given by, 
av- 
PZ 
XY] av-p x 
ry 
Ilz 
ax 
Considering an isotropic material, the stress can be obtained from, 
(6.12) 
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jTzr 
=yE .1 ICU I-V 2y 
TZxI 
and, 
V 
I 
0 
ov 
Irzy E ý-z - 
Pz 
Txy -2TI-+v) ''DV_PX 
ax 
(6.13) 
(6.14) 
The expression for the total potential energy (n), of the plate element Is given by, 
- h12 * ff lezz 
A -h12 
Tzz f, 
9 dy dA +. 
Ll 
xx lzx} 'Cxx 2 IZY 
I 
TZX A -h12 
TXYI 
I 
'yj dydA-f wpdA 
XY A 
(6.15) 
where, p is eqqal to the transverse loading per unit area and k is a constant 
representing the non-uniformity of the shearing stress72, which is generally set to 5/6. 
Substituting equations (6.11) to (6.14) into'(6.1 5) and integrating- over the thickness 'y' 
produces, 
f 
XTC X dA +I TCSr dA n= 
2bf 
Wp dA 
AAA 
where, 
IC = 
apz 
az 
ON 
ax 
DPZ-CIPI 
oz ox 
Eh3 Cb 
ý -12T1 Vv 0 
1 00,1 
0 
az 
0 
ON 
1-v ex. 
2 ON ON 
oz ox 
0 
0 
0 
0 
1-v 
2J 
av- 
PZ 
az 
av- 
PX ax 
Ehk ri 
, +V) 
CS 
+V)LO 
(6.16) 
01 
1 
Since the normal stress in the plate has been integrated, Cb is the generalised stress- 
strain matrix relating moments per unit length to bending strains: 
0 
2 
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I mzz 
mxx 
MZKI 
opz 
ax 
ON ON 
az ox 
Similarly C. ls. the generalised stress-strain matrix relating shear force per unit length 
to shear strains, Le., 
VXYI = CIIYXY 
I VZY IZYj f 
For equilibrium, BrI=, O, and since C is symmetrical, we obtain from equation (6.16), 
f 81C T CbicdA +f 8T Tc ydA-f8wpdA=O (6.17) 
AAA 
which is the Principle of Virtual Displacements for a plate element based on the 
Mindlin/Reissner * theory4l, With the first two terms representing internal work due to 
virtual strains (that correspond to the imposed virtual displacements) and the last term 
representing external work, due to external forces subject to virtual displacements.. 
in finite element analysis we use4l. 42,43, 
qqq 
v= hiv, 8, = LhO, 8,,, =Lh, 0,1 
z= 
±hz, 
x= 
jhjxj 
1=1 1=1 
(6.18) 
and adopt the following notation, 
K(r, s) = B. 0 r(r, s) = B, 6 v(r, s) = H,, 6 (6.19) 
where B. and B. are generalised strain-displacement matrices, Hw is a matrix of the 
shape functions and 0 is a matrix of nodal displacements. 
Substituting the notation of (6.19) into equation (6.17) and letting the imposed virtual 
nodal displacements be u gives, 
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f ff TC,, B, dA+ , 
CBTdA 0=ýTfH,, rpdA ýt[f B, I AAIA 
(6.20) 
To solve equation (6.20) for unknown nodal displacements the virtual displacement 
method of applying a unit virtual displacement In turn at all displacement components 
is used. Therefore, 
W 
u=1, dentitymatrix 
which allows equation (6.20) to be exptessed as, 
Kâ=R. 
where, 
Kf (BrCb B,, + B,, TC. B. ) dA 
A 
and, 
(6.21) 
(6.22) 
Rf Hrp dA (6.23) 
A 
Equations (6.22) and (6.23) have to be converted to natural coordinates (r and s), 
which requires the area differential to be expressed as, 
dA = detJ dr ds (6.24) 
Where detJ is the determinant of the Jacobian operator. Therefore equations (6.22) 
and (6.23) are re-written as, 
+1+1 
K= detJf f (BTCbB,, + B., TCsB,, 
) drds 
-1-1 
and, 
(6.25) 
+1+1 
R= det Jf f Hw7p dr ds (6.26) 
-1-1 
Since different shape functions are used for bending and shearing deformations, 
consider first the shape functions used for the bending deformations. 
A AJA 
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The shape funcdons are, 
h, (I+ r)(I + s) h, r)(1 + s) 
h3=-1(1-r)(1-s) h4=-1(1+rXi-s) (6.27) 
44 
Therefore the coordinate interpolations are given by, 
Z=- 
1 (1 + r)(I + s)z, +,! (I - r)(I + s)z2 +,! 
(I 
- r)(1 - S)Z3 +"'(I + r)(1 - S)Z4 
4444 
1. (6.28) 
x1 (1 + r)(I + s)x, + r)(I + s)x, + r)(1 - S)X3 ++ s)x,, 
4444 
(6.29) 
and the displacement interpolations are given by, 
v=-1 (I+ r)(I+s)v, +-1(1- r)(I+s)v, +-1(1-r)(1-s)v,, +-1(1+r)(l-s)v4 
4 14 144 
ßz 
)6x 
(6.30) 
1 (1 + r)(1 + s') Oxl+ -! (1 - r)(1 + s) 0x2+ 
1 (1 
- r)(1 - s) 0x3+ -! 
(1 + r)(1 - s) ojr, 
4 
444 
(6.31) 
2+ 3+ 1 (1 + r)(1 - s) 0Y4 
(1 + r)(1 s) 0: y (1 - r)(1 + s) oy -! (1 - r)(1 - s) 0; Z444 
(6.32) 
To evaluate the displacement derivatives we need to calculate, 
oz ax 0 
Or Or Or Oz 
a oz ax a 
FS, 
--as 
'Os TX 
which can be expressed as, 
aia 
Tr -'4 az 
Now, 
49Z =+ S)Z' -+ S)Z' - S)Z' + S)Z' 
4 
Tr -4 444 
loz =10+ r)z, + -1 
(1 
- r)z, -1 
(1 
- r)Z3 - -1 
(1'+ r)z4 TS 'Z 444 
(6.33) 
(6.34) 
(6.35) 
(6.36) 
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, 9x 
. -1(1. +s)x, --1(1+S)X, - 
1(1-S)Xý, +-1(1-S)X, Or 4444 
, &x 
=1 
(1 + r)xl + -1(1 - r)x, - -1(1 - r)x, - -1(1 + r)x4 
, Os *4444 
(6.37) 
(6.38) 
Therefore the Jacobian operator can be obtained at any value for r and s (-I-, g r! ý +1 
and -1: 5 s :5 +1), which allows the displacement derivatives to be evaluated at any 
value of r and t using, 
Oz XI, Or D1 19 , 
Ox 0s at r--r, and s=sj ., atr. rands=sj 
Now, 
Jox i9ßz=. 
1(1+3)01_1(1+3)02_1(1_S) 3+ 
xx-! 
(i-s)ox -ir- 44 
=_1(1+r)01+_1(1_r)0,2__1(1_r)03_. 
1(1 
4 
4x4'4"4 +r)ox 
eßx (j+S)o1. ý.. j(j+S)02_. 1(1_S)03+_1(1_, S)04 
4y4y4y4y 
, 9px 
=1 
(i+r)ol+ 
1 (1 
- r) 02_ 
1 (1 
- r) 03- -1(1+r)04y -j, s-- 4y4. y4y4 
Therefore the displacement derivatives are given by, 
(6.39) 
(6.40) 
(6.41) 
(6.42) 
(6.43) 
ffiz 
oz 
J-1 00+ s) 000000 
i9ßz 4 
10 
0 -(1 + r) 00 -(1 - r) 00 r) 00 -(1 
9x 
(6.44) 
AU. A 
az JA 
ix- 
-(I+S) 00 (I+S) 00 (1-S) 00 -(i-s) 0 
-(l + r) 00 -(1 - r) 00 (1 - r) 00 (1 + r) 01101 
(6.45) 
where, 
{O 
= 
(vl 01 ol V2 ()2 ()2 V3 03 o3 V4 o4 o4 
T 
ZxZxZx) 
99X 
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Therefore from equation (6.19) the generallsed 4train-cllsplacemený B, Is given by 
0, -(l+s) 00 (1+s) 00 (I-S) 00 
-(I +q0-0 -(1 - r) 00 (1-r) 00 (I+r) 
-(I + s) -(I + r) 0 (I+S) -(I - r) 0 (1 - s) -(I - r) 0 -(1 - s) + r) 
(6.46) 
To obtain the generalised stress-displacement matrix for shear strains, the derivation 
by Bathe and DvorkIn75 was adopted. 
r 
Let the shear strains be expressed as, 
yzy = yýSihfl- y,; Sina 
y, y = -yyCos, 8+ y. yCosa (6.47) 
where, cc and P are the angles between the r and X-axes, and the s and x-axes 
respectively. In this formulation,. it Is assumed that the plate Is not originally deformed, 
therefore, 
fl= goo a= 0' 
Using the derivation by Bathe and Dvorkin75, the following expressions are used, 
ý[ 
I(C, 
-+r, 
6, f+ (C. + r, 8. I VI-V2 Zl-Z2(0,1+02)_ 
rry - 8detJ 
f(l + sf 2+4x4 
v4-V3 z4-Z3(04+03)- 4 3) (0 
-0 Z +(l - s)[ 2+44ZZ1 
I 
(6.48) 
and, 
fhý + SPZ) + kAx + ýPx) I VI-V4 Zi-Z4(01+04)_Xl-X4( 
rsy = 8detJ 
J(l + rf 2+4xx4 
+(l - r) 
V2 - V3 + 
ZI - Z3 (02 + 03) _ 
X2 - X3 (02 + 03 
124xx4zz )II 
I 
)2 
(6.49) 
where, 
Az ý--Zl -Z2 -Z3 +Z4 
Bz 
-ýZl -Z2 +Z3 -Z4 
+ 
-S, 
6, ý + (Aix 
A-, ý Xl - X2 - X3 + X4 
BX =X 1 -X2 +X3 -X4 
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CZ 
. 'ý 
ZI + Z2 - Z3 Z4 
where, 
. zi 
Q=j 
...... 4) are the z-coordinates, 
X1 Q=I...... 4) are the x-coordinates. 
Now, 
- 
CX: --XI+X2-X3-X4 
YZY BrU^ and using the notation, Br =g ry TXYj = 
IBY 
BY 
I 
0 f 
Mere, 
Býry = Tr, 
(l('+S) 
.. 
'l(-'ýl+X2)(l+S). "! 
(Zl-Z2)(! +S) (1+S)* 
. 
i. 
.. 4.. 4. - 2. 
Z(-XI+X2)(l+S) 'Z(Z1-Z2)(l+S) 
2 
«Z 
(Z4 
- z3)(1 - S) "i(1 - S) «i 
(-X4 + XY1 - S) 
1 
«Z 
(X4 + XY1 - S) 
1 
Z 
(Z4 
- z3)(1 - S) 
1 (6.50) 
With, 
Th. = 
V[(C, 
+ r, 8. )' + (C. + r, 8.1 
8detJ 
and, 
Bysr=Tr2(-il(l+r) -! 
(-x, +x, )(I+r) -1 
(z, 
- z, 
)(i + r) -1(1 - r) 2442 
(-X2+X3)(1-r) 
-! 
(Z2-Z3)(1-r) 
--1(1-r) -I(-X2+X3)(1-r) 424 
(z2 
- z3)(1 - r) -1(1+r) -1 
(-x, + x4)(I + r) (z, - z4)(1 + r) 244 
(6.51) 
with, 
Tr- = 
V[(Aý 
+ sB, )2 + (Aý, + sB,, )2 
1 
8detJ 
Obtaining the generalised strain-displacement matrices B,,, B., allows the member 
stiffness matrix to be obtained from, 
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+1+1 
K=detJf f (BTCbB, +B., TC. B,, )drds 
-1-1 
(6.52) 
Gaussian numerical integration41,44 is used to solve the above equation. Let 
+1+1 
ff f drds 
where, 
f= (B. TCýý B, + B., TC; B., ) detJ f 
Therefore applying numerical integratign, 
1: all fil tij 
Ij 
(6.53) 
(6.54) 
where fj is the matrix f evaluated at points r, and s, , with til being the thickness at 
this point and aij being a constant known as a weighting factor which depends on 
the position of r, and s,. The position of r, and sj together with the value of the 
weighting factor are such as to give maAmum integration accuracy for the number of 
Gauss points (i. e. r, and s, ) used. In this formulation 2-point Gauss integration. is 
employed, which means that the matrix fij is calculated at four points as shown in 
Fig. 6.04. 
f 
+0.577 ........... 
+1 
............ ........... 
I 
f ................ 0 ... . ........ 
-0.577 ........... ........................ 
r 
I- 
+1 
-0.577 r= +0.577 
Fig. 6.04: Position of Gauss points in the element 
The weighting factors corresponding to the position of these Gauss points can be 
obtained from any numerical methods text book4l. 44. 
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6.02 PLANE STRESS FORMULATION. 
For the plane stress membrane -stiffness consider the element In Fig. 6.05. 
X, W 
Node 3- 'Node 4 
Plan view 
I 
Fig 6.05: Plane stress element 
Z, U 
Similar to the plate formulation the Principle of Virtual Displacements for a plane 
stress element is given by, .1 
f 86TrdA = 
1: gol T F1 
A 
where, 
F1 = the concentrated external force at node i, 
.1 u= the nodal displacement at node 1. 
(6.55) 
5' Using e= B6 and letting the imposed virtual nodal displacements equal U gives, 
iTT[f 
13TCBdA OZT[F} (6.56) 
AI 
where, 
IF} = vector of externally applied nodal force. 
Using the virtual displacement method of applying a. unit virtual displacement in turn to 
all displacement components causes, 
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identity matdx 
which allows equation (6.56) to be expressed as, 
r. O=F 
where, the stiffness matrix K, Is given by, 
(6.57) 
K=fB T CB dA (6.58) 
A 
Converting this equation to the natural coordinate system (as shown in the derivation 
of the plate element) pro. duces, 
+1+1 - 
K= detJf f (B T CB)drds 
1-1 
(6.59) 
Considering Fig. 6.0p, the coord. inate and displacement interpolations are given by, 
x=±hixi z=±hz, w= 
±hw, 
U=±hu, 
(6.60) 
where, f 
x and z are the local coordinates at any point within the element, 
x, and z, are the local coordinates at the i th node, 
w and u are the local displacements at any point within the element, 
w, and u, are the local displacements at the 1 th node, 
h, are the interpolation functions, which are the same as those used for the plate 
element, and are shown again below. 
11 
h, = ý(l + r)(I + s) 
h2 =4 r)(I + s) 
h3=-1(1-r)(1-s) h4 =-1(1+rXi-s) 
44 
(6.61) 
Therefore the local coordinates at any position within the element are given by, 
Z= 
I 
(I + r)(i + s)z, +1 (1 - r)(i + s)z, + -1 (1 - r)(I - s)z,, + -! (I + r)(i - s)z, 4444 
(6.62) 
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x=1 (1 + r)(I + s)x, + 
! (I - r)(I + s)x, + 
! (I - r)(I - s)x, + -! (I + r)(I - s)x, 4444 
(6.63) 
and the local displacements at any position within the element are given by, 
U= 
I 
(I+ r)(l+s)u, +-1(1-r)(l+s)u, +-1(1-r)(1-s)u, +-1(1+r)(1-s)u, 4444 
(6.64) 
w=-1(1+r)(I+s)w, +-1(1-r)(l+s)w, +-1(1-r)(1-s)w, +-1(1+r)(1-s)w4 
4444 
The element strains in a plane stress element are given by, 
zz 
Exx where, 
Yzxl 
Ou 49'W 9u 19W 
-ZZ - oz exx = 49X I VC =Tx +7z 
(6.65) 
(6.66) 
I 
The displacement derivatives can be evaluated at any value of r and s using, 
az or 
aa 
ax, 
atr=rands=sj 
as, 
atr=rands=sj ax 
(6.67) 
The formulation of the Jacoblan matrix J has been shown in the derivation of the plate 
element. 
Now, 
Ou 
=1 (1+s)u, --1(1+s)u, -. 
1(1-s)U., 
+ 
'(l-s)u,, 
(6.68) 
t9r 4444 
, 9u =1 (1 + r)u, +1 r)u, - -1(1 - r)u, -1 (1 + r)U4 (6.69) Ts -4 444 
OW= 10+ 
S)WI - -10 + S)WI -0- S)WI + 
(1 
- S)W4 (6.70) 
444 
OW 
=1 (1 + r)w, + -1 (1 - r)w, - -1 (1 - r)w3 - -1 
(1 + r)w4 (6.71) Ts -4 444 
Therefore the displacement derivatives are given by, 
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ou 
(i + S) o -(I 
+ S) o0 99Z 99U 41+ r) 0 (1 - r) 0 -(1 - r) 0' -(l + r) 0 
LOX 49X 
lu-I 
49w 
+ s) 0 -(1 + s) 0 -(1 - s) 0 (i-s) 
i9w 40 (l+r) 0 (1 - r) 00 -(1+r)]IÜI 
. 49x 99X 
where, 9 
r 
(6.72) 
(6.73) 
fu^j'ý (ZI X1 Z2 X2 Z3 X3 Z4 X4)r 
Therefore using, 
c= Bu_ 
the strain-displacement matrix B, is given by, 
(1+S) 0 -(I+S) 0 -(I-S) 0 (I-S) 0 
B=400+ r) 0 (1 - r) 0 0.0 -(1 + r) (I + r) (1+S) (I - r) -(I+S) -(I - r) -(1 + r) (I-S) 
(6.74) 
Therefore the member stiffness matrix can be formed using, 
+1+1 
K=detJf f (BTCB)drds 
1-1 
where C is the stress-strain matrix given by, 
P 
r. ý IV Ia -- 1-ýIl- - 1--v Iuu -- 
v0 
v10 
00 
1-V 
2 
(6.75) 
(6.76) 
Gaussian numerical integration is used to solve for the member stiffness matrix, and 
the method has been explained previously in the derivation of the plate stiffness 
matrix. 
2 
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6.1: CONNECTING BEAM AND SHELL ELEMENTS. 
As explained in Chapter 4, the computer program has the ability to position the 
reference axis, and thus the nodal position of the beam element, at the beam's 
centroid or at any point on or above the top flange. The shell elements have 4 nodes 
which are positioned at the mid-height. Therefore the reference axis on the beam 
element is positioned to coincide with the nodal position of the shell element, as 
shown in Fig. 6.06. This will ensure compatibility at nodal positions. 
Typical 4-noded 
shell elerýent. . 
Beam reference axis 
(nodal position of beam elements) 
6.06., Connection of beam and shell element 
6.2: VALIDATION OF SHELL ELEMENTS. 
To validate the plate bending characteristics of the shell element the example of a 
simply-supported plate shown in Fig. 6.07, was analysed. 
The theoretical solution is given by43.76 
Ac = 0.0116 
PL? 
where, D= 
Et3 
V2) D 12(1- 
therefore, D= 
205 X 103 (8.0)3 
- 9611721.6 Nmm 12(1-0.3ý-- 
(6.77) 
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giving, Ac = 
0.0116 X 2.0 X 103 x 20002 
= -9.65 mm 9611721.6 
For the computer analysis symmetry was utilised, with only a quarter of the plate, with 
correct boundary conditions, being required to represent the whole plate. A 
convergence s' tudy was carded out and the results are shown in Fig 6.08. It can been 
seen from these results that as the number of elements increases the computer 
results converge quickly to the exact solution. It should be noted that even a fairly 
sparse mesh (n=2)'gives an acceptabre error of below 1 %. 
To validate the plane stress membrane characteristics a. deep beam analysis was 
cbrfied out. * lný elemenfary b6am bendin§ theory, it is assumed"th6l plane sbdons 
remain plane during bending, with no account taken of the presence of shear 
stresses. These shear stresses will cause plane cross-sections to distort during 
bending, and significantly affect the stresses and displacements of the beam when 
the depth of the crosrs-section is, a substantial proportion of the length of the beam. 
Therefore to validate the membrane characteristics of the shell element the deep 
beam shown in Fig. 6.09 was analysed. The theoretical solution is given by? 7 
Ac = _L 
qO 1+ 12 
C2 4+ V)l 
24 El 
[5L? (5 
2j] 
giving, 
5 500 x 30004 12 
(500)2 4 0.3 
Ac = 24205 X 103 x 2.5 x 109 5 
T3FOO70(5 + 17.51mm 
(6.78) 
For the computer model predictions, symmetry was utilised and the mesh layouts 
adopted are shown in Fig. 6.11. The results of the convergence test are shown in 
Fig. 6.10. Once again this test shows that as the number of elements are increased 
the computed results converge towards the exact solution. 
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t=8.0 mm 
E 205x 10 3 NImm 2 
v 0.3 
Simply-supported along 
all four sides. 
Fig 6.07., Simply-suppottedplate. 
% Error in central displacements. 
10.0 
a 
9.0 - 
8.0 - 
7.0 --ý 
6.0 --, 
5.0 -ý 
4.0 --ý 
3.0 -ý 
0 0 
n=l n=2 
n=4 
2.0 -ý 
1.0 --ý 
0 
-1.0 Ia-Ii T 
1 
Fig. 6.08: Convergence study for the plate element. 
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q=500 kN/M b=30mm . 1.1 7 
c=500mm 
C=500mm 
L=3000mm L=3000mm I=2.5 x UP MM4 
E 205 x 103 N/mm 2 
v 0.3 
Fig 6.09: De6p beam analysis us&d t6 . validate plane stress membrane 6haractedstics 
of the shell element. 
I 
0 
Number of elements 
0 10 20 30 40 so 60 70 
.1- 
-2 
-3 
-4 
-5 
-7 
-8 
-9 
. 10- 
% Error In central displacements 
so 90 
Fig 6.10., Convergence study for the plane stress membrane characteristics of the 
shell element. 
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(TYPICA 
125 M 
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62.5 W 
CL 
125 M 
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11 
IIII I' I I' - I' I' 
it 
5 No. point Wds of 250 W 
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11 No. point loads of 125 M 
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I-T-T-T-1 TTTIITT 
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250 mm 
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(C) 
11 No. point loads of 125 W 
c 
62.5 W 
- ------4 
- ------ 
TT 
II 
7T 
(Typical) 
i;;; I;;;;; II 
250 nim (D) 
Fig 6.11: Mesh configurations used for convergence study forplane stress 
charactedstics of the sheY element. 
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To validate the program when shell and beam elements are connected, the. composite 
cantilever beam shown in Fig. 6.12 was analysed. A load of 10 M was placed at the 
tip, and assuming small displacement theory the theoretical maximum vertical 
deflection was calculated using the transformed (or equivalent) cross-section 
approach. 
1500 mm 
- 356 x 127 x 39 UB 
E '2 21 X 103 concrete ' 
N/nnrT? 
E 
steel = 205 X 103 NImM 
2 
0.3 
Fig 6.12., Composite cantilever beam used to validate connection between beam and 
shelf elements. 
A convergence study was carded out by varying n (the number of shell elements 
along the beam) and rn (the number of shell elements across the beam). The number 
of beam elements will correspond to n, to ensure continuity at the nodes. The mesh 
layouts adopted are shown In Fig. 6.13, together with the results of the convergence 
study. The computed vertical displacement at the Up of the cantilever converges 
quickly to the value calculated using the transformed crpss-section approach, as the 
beam and shell elements are Increased. It can be seen that even with a fairly sparse 
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mesh comprising of eight shell elements and four beam elements the error in the 
computed result is only 2.8%. 
Number of shell elements 
2468 10 12 14 16 18 20 22 24 26 28 30 32 
1111111111111111 
-2 
- 
-6- 
-10 --1 
-14 - 
-22 t 
-26 --ý I 
-30 --ý 
-34 -j 
, (a) 
% Error In maximum 
displacement 
f 
k Shell elements 2 
Beam elements 1 
(a) 
Shell elements 4 
Beam elements 2 
(b) 
------------- 4 
Shell elements 8 
Beam elements 4 
(C) 
I I_ IF Shell elements = 32 
Beam elements =8 
(d) 
Plan view on element lavout used for 
the convemence study. 
n=l 
m=2 
n=2 
m=2 
n=4 
m=2 
n=8 
m=4 
(d) 
Fig. 6.13: Convergence study for deflection of the composite cantilever beam shown 
in Fig. 6.1 Z 
139 
Chapter 6. Modelling Floor Slabs using Rat Sheff Elements. 
6.3: THERMAL CURVATURE'OF COMPOSITE BEAMS. 
To investigate the effects of thermal bowing the composite cantilever beam, shown in 
Fig. 6.14 was analysed. 
65 mm 
65 mm 
Node numbers 
Effecti I ve width 
356xl27x39 UB 
t 
FI-d 6.14: Composite cantilever beam used to investigate thermal bowing. 
No external load was placed on the structure, with the steel beam being uniformly 
heated and the concrete stab remaining at ambient temperature. Obviously this 
example is fictitious since the heat-sink effect of the slab on the temperature profile of 
the steel beam is ignored, and it is assumed that the concrete slab remains at 
ambient temperature. These simplifications were adopted to allow validation of the 
effects of thermal bowing with manual calculations. 
The relationship between vertical displacement at the Up and the temperature in the 
steel, for various effective widths of the slab, is shown in Fig. 6.15. 
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Vertical displacement at tip (mm) 
450 
400 --ý 
350 --ý 
300 --ý 
250 - 
200 --ý 
150 --ý 
100 -ý 
50 --ý 
0 
Node'position tllf 
356xl27x39 UB 
Section through composite 
cantilever beam 
L/2 U2 
- -U§, 
----------- f: -365 
I 
0 100 200 300 400 500 600 700 800 900 1,000 
Temperature CC) 
Fig. 6.15. Relationship between thermal bowing and the effective width of the slab. 
.0 
As can be seen in Fig. 6.15, the vertical displacement at the tip rises upwards to a 
peak, and then starts to change direction and reduce. To obtain an understanding of 
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the mechanics of this behaviour, the structural restraint to thermal expansion needs to 
be considered. When the beam begins to expand, the membrane resistance of the 
slab causes the structure to bow upwards. This bowing action Is resisted by the 
bending resistance of the slab and beam. At a certain temperature the bending 
resistance of the slab begins to overcome the compressive resistance of the steel 
beam, which is decreasing due to softening of the material. This Vill cause the 
continuing -expansion to compress the steel beam, thus causing the vertical 
displacement to change direction and reduce. 
To prove the above theory the bearh with an effective width of 1500mm was re- 
ýnalysed, with the exception that the axial displacement of the nodes was fully 
restrained, so that only the bending action of the slab was considered. Five examples 
of this beam were analysed with varying depths of slab, ranging from 130mm to Omm. 
The node height of 65mm above the beam remained constant for all examples with 
the slab thickness 'distributed equally about the node. The results are presented In 
Fig. 6.16, which shows that the greater the slab depth (and therefore the higher the 
bending stiffness) (he lower the temperature at which the vertical displacement 
reverses direction. When there is no slab (thickness equals Omm) the vertical 
displacement at the tip does not reverse direction and is proportional to the thermal 
expansion of the steel. Because of the simplicity of this example it was possible to 
check the computer results against manual calculations, which are shown below. 
The thermal elongation of steel is given by, 
A= 
-2.416x 
10-4 +t2xlO-5 xt,, +0.4 X 10-8 
(tS)2 
when 
1. - 
20*C t. --5 750*C 
(6.79) 
and, 
11.0 x 10-1 when 7500C < t.: 5 860*C 
(6.80) 
and, 
-6.2 X 10-3 + 2.0 x 10-5 x t. when 860*C --5 to --5 
1200* C 
(6.81) 
where, 
I= length at room temperature of the steel member, 
AI= temperature induced elongation of the steel member, 
t. s = steel temperature. 
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Vertical displacement at tip. (mm) 
700 , 
650 --ý 
600 - 
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500 --ý 
450 --ý 
400 -ý 
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300 -- 
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200 --ý 
150 --ý 
100 -ý 
50 --ý 
0 
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for all examples)-,,,, 
Top of steel beam 
4 
f 
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ý 
750 /- h =slab thickness 
III- -- 
356xl27x39 UB 
-Jý 0 Section through composite 
- cantilever 
beam 
h=Omm 
IIIIIIIII 
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Temperature (OC) 
Fig 6.16. Relationship between thermal bowing and the bending stiffness in the slab. 
h/2 
----------- ------------ h/2 
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Therefore at I OOOC the thermal strain in the steel is given by 
e -2.416 x 10-4+1.2 x 10-'(100)+0.4 xI O-j 
(100)2 = 9.98 X 10-4 
the stress can be calculated from 
a= Ee= 205x, 10'x 9.98 x 10-4= 204.7 Nlmm 2 
I 
-; ýr- Reference axis 
e=241.4 mm 
F 
ý2 
cy--204.7 Nftý 
Fig 6.17., Stress block due to a temperature rise of 100 0C 
Area of cross-section = 49.4xl 02 MM2 
The axial force is given by, 
F= aA = 204.7 x 49.4 X 
102 
= 1011.07 N 
The moment is given by (considering Fig. 6.17), 
M= Fe = 10 11.07 x 241.4 x 10' = 244.07 x 106 Nmm 
Now assuming plane sections remain plane, the total strain is given by, 
1 
g= Co 
where, 
CO = normal strain at the reference axis, 
IIR= curvature of the reference axis, 
Y= distance from the reference axis. 
(6.82) 
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since, 
M=fcydl 
then, 
M=E(fydleo+fy 2dA 
R) 
where, 
and a= Ee 
(6.83) 
fy d4 first moment of area about the reference axis, 
fy2dA second rriýment of area about the reference a)ds. 
now, co =0 (axially restrýined at reference axis) 
and using the parallel axis theorem, 
fy 2dA= 10100 X 104 + (49.4 x 102 x 241.4 
2)= 388.87 X 106 mm 4 
therefore, substituting the moment value and second moment of area into equation 
(6.83), yields a value of curvature of 
I=3.06 
x 10-6 
R 
Now, 
i dV2 
Rdz2 
where v and z are identified below, 
f 
4 6000mm 
Integrating equation (6.84) produces, 
I 
z+A dz i 
and integrating again produces, 
t 
(6.84) 
+ 
IV 
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V= -LLZ 
2 
+Az +B 2R 
where, A and B are constants. 
When Z=O, the slope dvldz and the displacement v are both zero, therefore, 
A=O 
and 
B=O. 
which produces, 
V 
v=-.! -Iz' =-Ix3.06 x 10' x 
(6000)2 
= 55.12mm 2R2 
0 
this compares very well with the computer model prediction of 55.76mm. 
-6.4: CALCULATION OF STRESS VALUES IN THE SHELL 
ELEMENT6. 
Once the nodal displacements of the element are known, the stress values at any 
position within the element can be calculated using4l 
CBU^ (6.85) 
where, 
. r= generalised stress, 
C= generalised stress-strain matrix, 
B= generalised strain-displacement matrix, 
u= matrix of nodal displacements. 
For a displacement field finite element formulation the accuracy of the stress values is 
dependent on the position at which they are calculated within . an element4l. Provided 
all convergence criteria are satisfied the displacements across element boundaries 
are continuous. However in a displacement field formulation the stress values across 
boundaries are in general not continuous, and in fact the only way to ensure 
continuity is to base the formulation on a stress field42. Previous research7a has 
considered the accuracy of predicted stress values in relation to their location within 
the element for finite element formulations based on the displacement field. 
Observations conclude that the stress values at the Gauss integration points are the 
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most accurate. It was therefore decided to calculate these value's for each element (a 
total of four) and average them to obtain a stress value for the element 
6.5: IMPOSITION OF A MAXIMUM BENDING STRESS ON THE 
SHELL ELEMENTS. 
Connection of the beam element to the shell element at common nodal points causes 
both the steel beam and concrete floor to act compositely. A spread of yield through 
the cross-section of the steel beam and also along its length can be modelled. 
However the forniulation for the sh'ell elements so far has assumed that the 
represented material is isotropic, linear elastic, and has the same properties In 
compression and tension, although the formulation was developed so that extension 
to incorporate material non-linearities is possible. As a first development stage 
towards representing the true behaviour of the concrete floor it was decided to simply 
apply a limitation on bending stresses, although in reality a limitation on the total 
stress distribution. which includes membrane stresses should be considered. The 
bending stresses ar6 checked at each iteration, and if the maximum specified stress 
is exceeded the -thickness of the element is reduced, as shown in Fig. 6.18. The 
maximum stress specified depends on whether the element is in'sagging or hogging, 
wifth the maximum hogging stress being typically 10% of the value for the maximum 
sagging stress. After the maximum tensile stress in the hogging regions was 
recorded in an element all concrete in tension was ignored. 
Thickness reduced 
for the next iteration 
Fig. 6.18: Reduction of slab thicknesibased on"maxinjum allowable bending stress. 
These are clearly considerable simplifications in representing the cracking/crushing 
behaviour of the slab, and it is worth considering how they affect the realism of the 
modelling. When the slab spans between beams it is basically in bending and the 
above method is fairly accurate. The method of dealing with tensile stresses in the 
concrete slab when spanning perpendicular to the beam is also acceptable (although 
extremely simplified). However when we consider the slab spanning over ana parallel 
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to a beam, the connection at the nodal points between the beam and shell elements 
represents a composite element, but the bending. stress values in the slab are 
calculated assuming that the slab 
' 
acts independently, With its neutral axis at mid- 
height. In traditional design methods the position of the neutral aAs Is based on the 
. steel 
beam and an effective width of the slab. During a fire the neutral axis will 
change position, moving towards the cooler and thus stronger areas of the cross- 
section. Although the above simplifications are adopted to represent the concrete 
slab, the model will give an indication of the importance of the continuous floor slab 
on the total behaviour of steel framed buildings at elevated temperatures. 
F 
8.6: ADDITION OF THERMAL STRAINS. 
Since at this stage in the development of the model flat shell elements are used, 'the 
temperature distribution through the thickness of the slab must be assumed to be 
uniform. Thermal strains are incorporated within the model by treating them as Initial 
nodal forces. Therefore extending the Principle of Virtual Displacements for a plane 
stress element, given' in equation (6.55), to include initial nodal forces produces, 
f SkIrdA =Z 561T F1 +f5 er (6.86) 
AA 
where, 
Pcrý = external work of the initial stress due io virtual strains, which correspond to 
A the imposed virtual displacements. 
Therefore equation (6.56) is extended to, 
-7T jýT[fB'CBdA]OZT[F]+U fBYdA (6.87) 
AA 
Since 07 = identitymattix, then the initial nodal forces are given by, 
=f 
BT ý dA (6.88) 
A 
where, 
Ea 
V2 
oo 
where, 
a= thermal coefficient of expansion, 
2 
(6.89) 
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Oo = initial temperature, 
O= temperature. 
6.7: VALIDATION OF SHELL ELEMENTS INCORPORATING 
MAXIMUM ALLOWABLE BENDING STRESS AND THERMAL 
STRAINS. 
Comparison was made between the model and two tests conducted In 1982 (tests 15 
and 16 presented in the Compendium. of UK standard fire tests9) on simply supported 
composite beams, 6 shown in Fig. 6.19. The same structural configuration was used 
ior the two tests but different magnitudes of load were applied. The first test had four 
point loads which produced a maximum stress in the steel beam if no composite 
action was considered. In the second test the load was increased to produce a 
maximum stress in the beam, designed to CP1 1779, if composite action was taken into 
account. The temperature profiles in the steel were obtained from the published test 
results at various times, with the temperature in the concrete assumed to be 10% of 
the hottest part of tKe steel. The assumed concrete characteristics (since insufficient 
information was *published) are shown, together with the results, in Figs 6.20, and 
6.21. 
P 
p 
P 
130 
000000000 
18; P =`IA 7A M 
Test 16 P= 64.90 M 
Fig. 6.19: Model of the simply-supported composite beam used in Test 15 and 16 
presented in the Compendium of UK standard fire tests. 
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Fig. 6.20: Cpmparison 4etween the model and test results for test 15. 
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Fig. 6.2 1: Compatison between the model and test results for test 16. 
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Apart from the problems with. slab assumptions discussed previously, other factors 
which may influence the correlation between the predictions and the test results are: 
1. The. beam was assumed to be simply-supported, whereas even the low levels of 
end-restraint which are often present in tests can have a significant effect 
2. The concrete properties were assumed. A future parametric study will be needed 
to Investigate the effect of varying these properties. 
3. The temperature in the concrete Is assumed to be uniform and 10% of the value 
of the hottest part of the steel. The cooler and more uniform the temperature in 
the concrete, the greater the displacement due to thermal bowling. 
it can be seen from the figures that the analysis predicts higher deflections than both 
sets of test results, apartfrom the very final stage of Test 16. This has been the case 
for most attempts to simulate furnace test deflections with different softWare%27, and it 
does seem that support conditions In furnace tests are affecting the measured results. 
In addition, the fact that the more highly loaded test appears to deflect less for about 
13 minutes must cast some doubt on the reference positions from which deflections 
were measured. The basic cortelation with Test 15 is excellent and, if the datum for 
Test 16 were adjusted accordingly the agreement is much improved. 
Better correlation with the test results could have been obtained by assuming a more 
logical concrete temperature variation than theconstant relationship of 10% of the 
exposed flange temperature. Such a variation might assume that the gradient of the 
concrete temperature rise is higher than has been assumed, but with a time-lag 
behind the steel temperature curve, and with a limit of 100"C. This would tend to 
reduce the amount of thermal bowing in the intermediate range of the test, but would 
give a more rapid weakening in the final stages. 
The inclusion of shell elements into the model, allowing continuous floor systems to. 
be modelled, will allow an investigation into the full-scale fire tests which are to be 
conducted on the Cardington frame. These analyses are discussed in Chapter 8. 
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7.0: THE BEHAVIOUR OF STEEL-FRAMED BUILDINGS DURING 
THE COOLING PHASE OF A FIRE. 
. 
Previous research work has mainly focused on the behaviour of steel-framed 
buildings up to a maximum temperature. This is either the temperature expected to 
be reached at the end of a specified time period, or the temperature at which 
structural failure occurs. Considering the latter in relation to actual buildings, the 
regulatory requirement of compartmentabon2 (which localises fires) together with the 
inherent high degree of redundancy in buildings, complete structural collapse is highly 
unlikely. Thereforý it Vill be necessary to investigate the effect of the cooling phase 
ýf 
-a fire on the behaviour of steel-framed buildings, so that once the structure has 
cooled down its permanent deformations, internal forces, residual strength and 
repairability can be assessed. Since the cooling phase can cause extensive strain 
reversal in the steel, its constitutive model will need to be extended to incorporate this. 
7.01 STRESS-STRAIN RELATIONSHIP. 
The constitutive, model used to represent the uniaxial stress-strain relationship is 
based on a Ramberg-Osgood type of expression", given by 
ZT=IL+0.0j(gM 
r 
AT BT 
where, 
CT = strain at temperature T, 
aT = stress at temperature T, 
AT, B T, and nT are temperature-dependent constants shown in Table 7.1. 
(7.01) 
The constants, which are shown in Table 7.1, are based on a yield stress of 250 
N/mM2 and an elastic modulus of 180 kN/mM2 for the steel. If these values are 
different then the constants are modified by. multiplying AT by a constant 'a' and BT by 
a constant V, which are given by 
a= E2C)/(l 80 X 103) 
b=6Y201250 
The steel characteristics are assumed to be identical in tension and compression. 
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If the calculated strain values. remain in the elastic region of the constitutive model 
and decrease in absolute value, then the loading and unloading paths are coincident. 
However if. a decrease of absolute strain value occurs In the Inelastic range then the 
loading and unloading paths separate, with the unloading path creating a hysteresis 
loop. Therefore to allow the unloading path to be defined the elastic and Inelastic 
bounds need to be Identified. 
Temperature range AT BT nT 
(OC) 
- 
20-100 IBOXI03 0.00134r 237 -1.58T 
ý-0.26T+254.67 
100-400 (194 - 0.14 T) 242 15.3xlV. x 
X1000 (400 - T)" +6 
400-700 (295.33- 492.667 - 0.6266T 6 
0.39333T) x 1000 
700-800 (30.5-0.015T) 306-0.36T 0.04T-22 
X1000 I I 
Table 7.01: Tempera ture-dependent constants used in the constitutive model of steel. 
At elevated temperatures steel does not display a well defined yield point, which 
causes problems identifying the true elastic and inelastic bounds. It was therefore 
proposed that the yield point be defined by the 0.1% proof stress, which is shown 
schematically in Fig. 7.01. 
0.001 Strain 
Fig. 7.01. Definition of elastic and inelastic bounds. 
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7.02: DEFINING THE UNLOADING HYSTERESIS LOOP 
-Once unloading_ Is Identified In the Inelastic range the stress-strain path separates 
from the loading path, forming a hysteresis loop which returns tangentially to a 
position on the loading curve corresponding to the value of the original point (but of 
opposite sign) at which the loop left the loading curve (refer to Fig. 7.02). To define 
the unloading -hysteresis loop Massing's hypothesis has been adopted8o, which Is 
widely used for structural metals and corresponds well with observed experimental 
behaviour at ambient temperature. 
tMassing's 
rule defines the hysteresis loop In 
unloading, from a ýoint of strain revefsal, 'as a curve which Is fortned by scaling the 
ioading curve (also known as the skeleton curve) by a factor of 2. This Is shown 
schematically in Fig. 7.02. 
Fig. 7.02: Definition of loading and unloading curves. 
7.03: IDENTIFYING UNLOADING DURING THE ANALYSIS. 
As discussed in Chapter 2, the state of displacement, strain and stress is defined 
through the cross-section at integration (Gauss) Points. Due to the limitation of 
placing external loads at nodal points only, the element is automatically split into three 
sub-elements along its length as shown in Fig. 7.03. Each of these sub-elements has 
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four Gauss points at which the displacements, strains and stresses are defined at 
thirteen points on the cross-section as shown in Fig. 7.04. The automatic sub-division 
of elements allows Gauss points to be clustered near to the nodal positions so -that 
the onset of inelastic behaviour will be incorporated within the analysis as it occurs. A 
static condensation scheme is applied to form an element stiffness matrix, by 
eliminating internal degrees of freedom created by this sub-division. 
P., L 0.8L -ý-4 OAL 
The mechanics of splitting the element Into three 
sub-elements, each with four Gauss points, creates 
a total of 156 specific points per element at which 
displacements, and thus strain and stress, are 
defined. Due to the large number of strain values 
calculated per element it is imperative, due to limits 
Fig. 7.03: Sub-division of 
elements 
on computer memory, that a method is adopted which records the loading/unloading 
history at each calculated strain point efficiently. 
I 
(9) (10) (11) (12) (13) 
Fig. 7.04: Position on the cross-section at which displacements, strains and stresses 
are defined. 
Within the bounds of the research presented here the generalised stress-strain history 
can be simplified by assuming that cyclic loading will not be encountered during the 
heafing/cooling phase of the fire. Therefore the variables required to identify a unique 
stress-strain relationship for a specific temperature are greatly reduced. The 
procedure for defining this relationship is explained below: 
Referring to Fig. 7.05, at temperature T, only 'loading' is encountered and equilibrium 
is reached at, a= aATj and e= e. 4Tj. If a hysteresis loop is drawn from this 
equilibrium position it will cut the strain axis at a position which will, for ease of 
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explanation, be termed the reference point This reference point (eR) Is stored and 
used to define the stress-strain model for the next temperature step T2. This Is 
achieved by positioning the hysteresis curve for temperature T2 so that it Intersects 
the strain axis at the reference point. Considering the analysis at temperature T2 if 
the strain values are greater than eAT2 then the skeleton curve is used and a new 
reference point is calculated from the equilibrium position. This indicates that loading 
has occurred and the absolute value of the reference point Will increase. If the strain 
values are less than CAT2 and greater than _eAT2 then the hysteresis curve Is 
followed. When equilibrium is reacýed on the hysteresis curve the reference point 
remains unchangýd for the next temperature step. Should the strains be less than 
then the skeleton curve is rejoined and the reference point re-calculated. The _eAT2 
process of calculating the reference point is repeated for each temperature step 
during the analysis and used to define the stress-strain characteristics for the next 
temperature step. 
For the mathematical process of defining the relationship shown in Fig. 7.05 consider 
first the equation of [he hysteredis curve, given by 
fA 
where 
cA strain value at equilibrium when loading, 
qA stress value at equilibrium when loading. 
Now at the reference point, e= eR and a= 0 
therefore 
-OA - 'OR A 
2f(. 
221 
Expanding the function gives, 
16A - 16R = 
aA 
+0.01 
(ýaA ) 
2 2A B 
therefore, 
5R -ý A- 
O*A 
-0.02 
( OrA 
X 2B 
n 
(7.02) 
(7.03) 
(7.04) 
(7.05) 
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The reference point is calculated and stored when equilibrium is achieved for each 
analysis, so that it can be used to form a unique stre. ss-strain relationship for the next 
temperature step,. Therefore considering Fig. 7.05,. for a new temperature step the 
reference point and the equations of both the loading and unloading curves are 
known. To allow the bounds of the unloading curve to be defined the Intersection of 
the loading and unloading curves is required. 
At the reference point, e= eR and a= 0 
therefore, 
-OA-fR 
J97A) 
expanding the function gives, 
-CA-16R)= _+O. o 
47A 
_LA 1 
(-2 
2A 
f 
(2B) 
n 
OA 
gA = MA-- + 0.02 + CR 
(2B) 
From the skeleton curve, when e= eA then a=. 'a. and therefore, 
F'A =f 
(aA) 
Expanding the function gives, 
+ O'o I 
Substituting equation (7.10) into equation (7.08) produces 
(U, )n-* «TA)+ 
0.02 -- 0.01 - lýR (2! i) 13 
(7.06) 
(7.07) 
(7.08) 
(7.09) 
(7.10) 
(7.11) 
An iterative method is required to solve equation (7-11), for oA (the intersection of the 
loading and unloading curves) and the Newton-Raphson method was adopted, where 
f(aA). 
f 
(7.12) 
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in which, 
-n 
f (qý),, = 0.02 
aA 
- 0.0 1 
aA + Cý (7.13) 
(2B) 
B 
and 
f'(crA)n = 0.02n 
CIA 
n-I I 
O. Oln CrA 
n-I 1 (2B) 
2B 
(B) 
B 
once a, is obtained e. 4 can be calculated from, 
q 
IA 
.2 +0.01 
CYA) 
A(B 
(7.15) 
7.1: INDICATIVE STUDY OF THE BEHAVIOUR OF STEEL 
MEMBERS AND SUB-FRAMES DURING THE COOLING 
PHASE OF, A FIRE.. 
7.11: SIMPLE BEAMS. 
The simply supported beam shown in Fig. 7.06, with a load ratio of 0.5 (as defined in 
BS5950 Part 85), was uniformly heated up to 600C and then uniformly cooled down 
to 2011C, with only two-dimensional behaviour considered. At 6300C a vertical 
displacement at mid-span of 294 mm was calculated, which corresponds closely to 
span/20. This temperature is higher than the failure temperature specified in BS5950 
Part 8. This was shown to be the general case for this type of loading condition in 
Chapter 5, Fig. 5.12. These results concluded that the BS5950 failure temperatures 
are conservative when considering uniform heating of simple two-dimensional 
restrained beams with a point load at mid-span. 
As shown in Fig. 7.07, a permanent displacement of 259 mm was predicted at 
ambient temperature. Since no experimental data exists at the present time for the 
cooling behaviour of steel members it is impossible to validate the computer analysis 
in predicting this type of behaviour. However the results produced for this simple 
beam appear plausible, within the context of elementary structural theory. 
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lOOkN 
3000 mm 3000 mm 
Cross-section: 457xl52x52UB 
2 Yield stress at 20" C= 275 N/mrn 
Young's Modulus at 20" C= 205 kN/mR 
Uniformly heated and cooled 
Fig. 7.06., Simply-supported beam used to Investigate permanent deformation 
after a fire. 
100 
TLimperature (OC) 
200 300 400 Soo 600 700 
11111 
6300C 
Maximum displacement = 294 mrn 
-350 
Vertical displacement at mid-span (mm) 
Fig. 7.07. Vertical displacement at mid-span of the simply-supported beam shown in 
Fig. 7.06 during the heating and cooling phases of a rire. 
From Fig. 7.07 it can be seen that a very slight discontinuity in the smoothness of the 
unloading displacement curve occurs between 4000C and 3000C. To investigate this 
behaviour the mechanical strain values, together with the maximum reference point 
(strain), were recorded from the analysis at the centre of the bottom flange of the 
beam beneath the position of the point load (or more accurately the nearest Gauss 
point to the node at which the load is applied). The reference strain was recorded as 
0.05 at this specific point at the maximum temperature. The unique stress-strain 
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relationship for this location within the steel beam Is. shown In Fig. 7.09 together with 
the actual recorded strain values at temperatures of 500,400,300 and 2000C. It can 
be seen that the change in stiffness between 500 and 4000C and also between 300 
and 2000C is small compared to the change in stiffness between 400 and 3000C. 
This increase in the rate of change of stiffness between 400 and 30011C will cause the 
discontinuity highlighted in the temperature-displacement relationship during the 
cooling phase. 
7.12: GOAL-POST FRAMES. 
0 
F 
34.93 ký 
When all the members in the two-dimensional frame shown in Fig. 7.08 were 
uniformly heated the analysis predicts failure at 684.80C by in-plane buckling of -the 
columns. Therefore to investigate both the heating and cooling phases of the frame 
the temperature was increased to 68011C and then cooled uniformly to 200C. 
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Fig. 7.08: Goal-post frame used to investigate cooling behaviour 
305xl65 UB40 
34.93 M 
(7) 
v Node 
numbers 
(+ve) 
203 UC52 203 UC52 
161 
Co 
0 4) to a') 
IC! a 
21 1111 1 101 >I ý5 ro ; ýi 
CO) noll aIý, 1 LL. IIII 
C31 
2 
rz 
Q 
Chapter 7. The Behaviour of Steel Framed Buidings duting the Coofing Phase of a Fire. 
30 
-100 
-150 
-200 
-250 
-300 
-350 
-400 
-450 
-500 
-550 
100 
524 mm 
Temperature (*C) 
200 300 400 500 600 
-600 -1 
Relative displacement at node 5 (mm) 
Fig. 7.10: Relative displacement at node 5. 
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Fig. 7.11: Vertical displacement at node 3. 
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Fig. 7.12: Honzontal displacement at node 8. 
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Fig. 7.13: Honzontal displacement at node 7 
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Fig. 7.14: Bending moment at centre of beam (node 5). 
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Fig. 7.16: Bending moment at mid-span of the column (node 8). 
Shown in Figs. 7.10 to 7.13 are temperature-displacement relationships for the frame 
d uring the heating and cooling phases. From Figs. 7.12 and 7.13 it can be seen that 
at a temperature of 6840C failure is imminent, With a positive displacement of node 8 
and a negative displacement of node 7, indicating that the frame is collapsing 
inwards. The permanent deformations when the frame is cooled down to 200C are 
fairly large indicating areas of high plasticity (as expected) and seem reasonable. 
Figs. 7.14 to 7.16 show temperature-bending moment relationships of the frame, with 
the moments being measured at the reference axis which is at the section's centroid 
at ambient temperature (since uniform heating is adopted the position of the centroid 
remains constant during the rise in temperature). Before the heating and cooling 
phases the mid-span moment in the beam was 58.5 kNm, with the beam end-moment 
being -37.6 kNm, which gives a free-moment of 96.1 kNm. As the beam is heated the 
mid-span moment is re-distributed to the column until a temperature of 4000C is 
reached. Above this temperature, due to the continuing degradation of strength and 
stiffness in the column, which can no longer support this re-distributed moment, the 
hogging moment in the beam decreases causing the mid-span moment to increase. 
After cooling the bending moment at mid-span of the beam is 41.3 kNm, with the 
beam end bending moment being -64.9 kNm, which gives an extra 10.2 kNm above 
the beam's free-moment This is due to the P-S effect in the beam. At the end of the 
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analysis a permanent axial force of 22.6 M, was predicted' In the beam with a 
permanent vertical deformation at mid-span of 480.1mm. This will produce a 
secondary moment of 10.85 kNm, which compares well with the extra 10.2 kNm in the 
beam's free-moment. 
7.13: EXTENSIVE TWO-DIMENSIONAL FRAMES. 
Shown in Fig. 7.17 is a large two-dimensional frame with a simulated local fire. The 
example is fictitious since it is highly 
, 
unlikely that a fire will be contained to such a 
small area. How6ver the purpose of the example Is to investigate the restraining 
ýffect on the heated members from the surrounding cold structure during the heating 
and cooling phases of the fire. If the members indicated were heated continuously 
then failure would occur by in-plane buckling of the columns at 606.70C. Therefore 
the sequence of heating and cooling phases was defined as 200C to 6060C to 200C, 
with all elements heated uniformly and at the same rate. 
Figs. 7.18 to 7.21 dhow temperature-displacement relationships during the heating 
and cooling phases for both the heated beam and columns. Fig. 7.20, which shows 
the horizontal displacement at the mid-height of the column, indicates that at 6060C 
failure is imminent due to in-plane buckling of the columns. During the heating phase, 
between 5000C and 5800C, the mid-height column displacements reverse direction, 
and this can be explained by considering the horizontal displacement at the heated 
beam-to-column connection (Fig. 7.21). Up to 4000C thermal expansion of the beam 
is the main component contributing to the horizontal displacement at the top of each 
of the heated columns. Above this temperature the vertical displacement of the 
heated beam begins to pull the top of the heated column inwards, and this influences 
the displacement at.. the ffid. -heigýt of the column. . 
Ppyond 5800C, until.. cooling. 
commences, the column's in-plane buckling behaviour becomes the dominant effect, 
as can be seen by the large increase in absolute horizontal mid-span displacements. 
The axial forces induced in the heated beam during the heating and cooling phases 
are shown in Fig. 7.22. From Fig. 7.21 it can be seen that thermal expansion of the 
beam causes it to push outwards during the heating phase, with the restraint of the 
cold surrounding structure inducing a compressive axial force in the beam which 
increases until 50011C. Above this temperature, until 6060C, the compressive axial 
force decreases due to the sudden increase in vertical displacement of the beam (Fig. 
7.18) caused by the continuing degradation of its strength and stiffness. Once 
cooling commences the heated members begin to regain strength and stiffness (from 
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an inelastic state), together with a reduction in thermal strains. 'This causes the axial 
force in the beam to become tensile due to the cooling beam pulling on the 
surrounding structure. After complete cooling the beam has a residual tensile force of 
101.5 M, which could be significant when considering localised tensile failure of the 
connections. This type of failure was found In flexible end connections following the 
Broadgate Phase 8 fire8l and was also witnessed by the author following cooling In 
the first fire test conducted on the full-scale test frame at Cardington. However it 
should be appreciated that this is not necessarily catastrophic, since failure of all the 
bolts in the connection is not instantaneous. As each bolt fails (the order being 
dependent on the individual strength) the tensile force in the beam is partly relieved, 
ýIue to strain relief caused by deformation of the end-plate, until the remaining bolts 
can withstand and equilibrate the induced tensile force. In some cases the bolts may 
not necessarily be the weak link, with failure of the welds, or the heat affected zone of 
the plate, occurring first as witnessed at the Cardington fire test. In the investigation 
following the Broadgate fire it was found that other connections, which consisted of 
double angle-cleats bolted through the beam web and to supporting members, 
accommodated axia( movement -by deforming the connecting cleats. This leads to the 
conclusion that the most favourable connection in fire conditions will be seating cleats, 
so that on cooling either the locating bolts will shear or the cleat material deform, 
allowing axial movement but still retaining vertical support. 
The axial force in the heated columns is shown in Fig. 7.23. During the heating phase 
this force increases due to the vertical restraint from the structure above the fire 
compartment. As the temperature of 6060C is approached the column's axial force 
reduces, due to the squashing and in-plane buckling of the column, which will relieve 
the induced axial force caused by the restraint to thermal expansion. At the end of 
the heating phase the axial force approaches a value similar to that calculated at the 
start of the analysis, which corresponds to the applied load. On cooling the axial 
force continues to reduce, due to the relaxation of thermal stresses coupled with an 
increase in the strength and stiffness of the column. 
During the analysis the steel members which became inelastic were identified and are 
shown in Fig. 7.17. It is hoped that future work on localised fires can be conducted 
using sub-frames with elastic restraints at the boundary conditions which represent 
the surrounding structure. This will require two analyses, the first consisting of 
calculating the elastic restraint from the surrounding structure and the second 
consisting of an elevated temperature analysis on the sub-frame. This method will 
typically reduce the computer run-time required for the full-frame analysis. 
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Fig. 7.18: Relative displatement at node 135 (mid-span of heated beam) 
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Fig. 7.19: Vettical displacement at node 43 
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Fig. 7.21: Honzontal displacement at node 43. 
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Fig. 7.22: Axial force in heated beam. 
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8.0: COMPUTER SIMULATION OF THE FIRE TESTS ON THE 
CARDINGTON TEST FRAME. 
8.01: FULL-SCALE TEST FRAME CONSTRUCTED AT CARDINGTON. 
A full-scale steel-framed composite structure, representing a medium-sized office 
block, was constructed at the Building Research Establishment laboratory at 
CardingtonS2 
Lring 1993. The structure is eight storeys in he . ight a'nd has a 
rectangular footprint of approximately 945M2, as shown in Fig. 8.01. The structural 
design assumed a non-sway frame 6f simple construction with core areas providing 
restraint against lateral wind loads. The floor system. which also acts compositely 
Vith the supporting bearps, consists of a steel deck and in-situ concrete. 
A two year test programme is under way encompassing verfical loading, serviceability, 
vibration, blast, fire and smoke tests. The main purpose of these tests is to allow 
comparison between design procedures, which consider isolated members or sub- 
frames, and the actual test results on the full-scale building which has an inherently 
high degree of Yedundancy, and has been fabricated and erected under normal 
commercial conditions. 
'Considering tha fire testsý comparison with full frame building behaviour is of particular 
importance since recent design Codes BS5950 Part 85 and EC3 part 1.26 consider 
isolated member design only. The tests should represent fairly realistically the 
behaviour of buildings subjected to localised fires, which in reality are likely to occur 
due to the safety requirement of compartmentation. This will typically have a two-fold 
effect on the heated members. Firstly the restraint to thermal expansion provided by 
the surrounding cold structure will increase the axial force in the heated members. In 
the case of columns this may cause instability at lower temperatures compared with 
predictions based on isolated members. For beams higher vertical displacements will 
be experienced. However the second effect is mainly beneficial and relates to the 
support provided by the continuous cool structure around and above the heated area, 
which can allow load paths to be diverted away from the weakening members. 
Previously tests have been performed on single-members9 or simple structures such 
as goal-post frameS13. The step from these tests to full-scale real three-dimensional 
building behaviour is a large one, introducing numerous new variables which may 
contribute to the behaviour of the heated steel members. 
There are five types of firejests planned on the frame, and these are listed below. 
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1. A restrained beam test in which a secondary, beam on the seventh floor is heated 
over a length of 8.0 metres. 
2. A. two-dimensional cross-frame test in which the columns and beams across the 
building between third and fourth floors are heated. 
3. A comer test in which the structure within a comer-bay between the third and 
fourth floors is heated. 
4. A demonstration test which consists of placing standard office furniture in half the 
floor area in one storey height and then starting a fire from an ignition point. The 
development of the fire together with steel temperatures will be recorded. 
5. Column tests výhere portable fumaceS83 which can open and wrap around steel 
columns are used. 
The tests which are most relevant to the present work are the first three and these will 
be considered individually. The comer test will be considered first, to highlight the 
development stages of the model (in particular the method of representing the 
continuous floor slabs). This will be followed by the restrained beam test and finally 
the two-dimensional cross-frame test. 
f 
8.1 CORNER-TEST. 
This test involves heating the corner bay, as shown in Fig 8.01. The finite element 
mesh layout'used to model the structural response is shown in Fig. 8.02, together with 
the assumed heating profiles, with temperatures given relative to the beam lower- 
flange temperature T. The four columns bounding the compartment are heated at a 
lower rate compared to the beams, which will be achieved in the test by protecting the 
columns with insulating material. For the first examples, in which cracking and 
thermal strains in the concrete slab are ignored, the following assumptions apply, 
1. The yield stress of steel is 308 N/mM2 for Grade 43 and 390 N/mM2 for Grade 50. 
2. The steel elastic modulus is 210000 N/mM2. 
3. All steel-to-steel joints are rigidly connected. 
4. The slab remains at 200C. 
5. The thickness of the slab remains constant at 130mm and the metal Aecking is-. 
ignored. 
6. The concrete is isotropic and linear-elastic, with an elastic modulus of 
21,000 N/mM2. 
7. The slab has the same properties in compression and tension. 
8. A uniform floor load of 5.48 kN/M2 was applied. 
The results of the analysis are shown in the form of slab deflection profiles in 
Fig. 8.03, with more -detailed. representation of selecteq displacements and forces 
shown in Figs. 8.04 to 8.07. 
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200C 
2000C 
Fig. 8.03: Structural slab profile during rise in temperature: 
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400'C 
6000C 
Fig. 8.03: (continued) Structural slab profile duling rise in temperature: 
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800'C 
9000C 
Fig. 8.03: (contin bed)Structural slab profile during rise in temperature: 
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Fig. 8.03: (continued) Structural slab profile during fise in temperature. * 
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Fig 8.05. - Relative displacement of node 25. 
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Fig 8.06., Internal axial force in steel member between nodes 24 & 25 and between 
nodes 26 410. 
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Moment at node 25 (kNm) 
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Maximum temperature OC 
Fig 8.07: Intemal moment of the steel beam about node 25. 
Structural failure was not identified during the analysis, and the run was terminated at 
9500C due to lack of further data for the Ramberg-Osgood representation" of the 
stress-strain curves of steel. Fig. 8.06 shoW'S the variation of axial force with 
temperature at locations along the beam on gridline 1. Interpretation of these results 
requires extreme care. Connection of the beam-column and shell elements at 
common node points causes the modelled beam and slab to act compositely. 
However, from the calculated displacements at equilibrium, the internal forces are 
calculated about the nodal points using the stress distribution in the steel only. This is 
shown in Fig. 8.08 in which an elastic stress distribution is assumed for pure bending. 
Since concrete stresses are ignored an axial force will be calculated at ambient 
temperature as shown in Fig. 8.06. However during the rise in temperature these 
results do give an indication of the change of axial force in the steel beam due to the 
restraint against thermal expansion. This increases for temperatures up ;o about 
4000C but then decreases at higher temperatures due to the loss of strength and 
stiffness of the beam. 
Similarly to the axial force, the internal moments referred to in Fig. 8.07 relate to the 
steel beam only and are measured about the node position (which in this example is 
65mm above the top flange of the beam). As the temperatures rise these moments 
will take into account the induced axial force in the beam, due to the restraint against 
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thermal expansion. Since the -beam is subjected to a thermal gradient the position of 
the resultant internal axial force in the steel beam will continually move towards the 
cooler and thus %ronger areas of the cross-section. Therefore it is difficult to draw 
general conclusions from Fig. 8.07, except that the moment reduces above 40011C, 
which is mainly due to the reduction in strength of the beam with rise in temperature. 
Node position about which Concrete stress Ignored stress resultants are 
measured 
Stress resultants calculated 
assuming steel stress only. 
Fig. 8.08: Calculating steel stress resultants about the nodal point 
It can be seen from Fig. 8.05 that the predicted relative displacements of the beam on 
gridline I reduce beyond 500OC: The slab profiles shown in Fig. 8.03 indicate that all 
the beams behave in this manner. This phenomenon, of the structure beginning to 
recover from its maximum displacement as temperatures rise seems to be due to the 
extreme softening of the steel beams beyond 500*C assuming greater importance 
than their thermal expansion. To support this theory a highly simplified model of the 
comer-bay, as shown in Fig. 8.09, was analysed. The bay size remains as before, 
but the internal beam and all the columns (together with the edge condition which 
represents slab continuity) are excluded. The heating scheme for the perimeter 
beams and the general assumptions are the same. 
The strain value at the bottom flange at node position 5 (shown in Fig. 8.09) is plotted 
in Fig. 8.10, together with the displacement of the beam at this position. It can be 
seen that the strain in the bottom flange starts to reduce at the same temperature as 
the change in direction of the vertical displacement, showing that the decrease in 
relative displacement of the beam is due to "squashing". 
To investigate the effect of continuity of the floor slab into the region surrounding the 
test area, the previous model was extended to include an extra half-bay of structure in 
both directions, as shown in Fig. 8.11. The heating scheme remains the same, with 
all the additional structural elements remaining at ambient temperature. The results of 
this analysis are shown, in the form of slab deflection plots, in Fig. 8.12 and once 
again the decrease in relative displacement of the beams is highlighted. The slab 
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profiles have a slightly different shape during the rise in temperature, caused mainly 
by the support of the column positioned near the service ducts and stairwell. The 
positions of the columns can be identified clearly from the profiles, together with the 
hogging areas where in reality cracking Is to be expected. The deflected shape of the 
slab outside the test area is also indicated. 
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Fig. 8.09: Simplified comer bay modeL 
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r 
20'C 
200'C 
Fig. 8.12: Structural profile duting the rise in temperature. 
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r 
400'C 
600'C 
Fig. 8.12: (continued) Structural proffle during the rise in temperature. 
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r 
8000C 
9000C 
Fig. 8.12: (continued) Structural profile during the rise in temperature. 
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r 
950'C 
Fig. 8.12: (continued) Structural profile during the rise in temperature. 
8.12: SIMPLIFICATIONS ADOPTED TO REPRESENT CRACKING AND THERMAL 
STRAINS IN THE CONTINUOUS CONCRETE SLABS 
in the previous two examples the continuous concrete slabs represented by shell 
elements were assumed to have infinite strength, which contributed to the high 
temperatures which the structure could withstand without identification of failure. As 
explained in Section 6.5 of Chapter 6, a limitation can be applied on the bending 
stresses to model the effect of cracking in the concrete slab in a very simplified 
manner. The stress values of the shell elements are calculated at the Gauss 
integration points and an average value is taken over the area of the element. Only 
the bending stresses which are assumed to result in a symmetrical distribution of 
compressive and tensile stresses about the mid-height of the shell element are used 
to identify cracking, with the contribution of membrane stresses to the cracking 
behaviour ignored. The bending stresses are checked at each iteration, and if the 
specified maximum stress is exceeded the thickness of the element is reduced, in a 
way depending on whether the slab is in hogging or sagging, If the slab is in sagging 
the shell element thickness is reduced as shown in Fig 6.18, which assumes that 
there is sufficient reinforcement in the slab that the maximum tensile stress is equal to 
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the maximum compressive stress. If the slab. is in hogging ihe maximum tensile 
stress is defined as 10% of the maximum compressive stress. If this Is exceeded then 
all. concrete in tension is ignored. 
When considering the simplifications made in modelling the cracking behaviour of the 
slab consideration should be given to the slab's behaviour In regions where it spans 
over the top of a beam, either parallel or perpendicular to the direction of the beam, 
and also when it spans between beams. When the slab spans between beams, and 
is predominately in sagging, the above method of imposing a maximum bending 
stress is fairly jusdiable. The method"'of dealing with tensile stresses in the concrete 
ýIab when spanning over and perpendicular to the beam is also acceptable (although 
highly simplified). However considering the slab spanning over and parallel to a 
beam, the connection at the nodal points between the beam and shell elements 
creates composite action, but the bending stress values calculated so that cracking 
can be identified in the slab assume that it acts independently, With its neutral axis at 
mid-height. In a more realistic picture the true position of the neutral axis should take 
into account the steel beam arid an effective width of the slab, and will typically 
change position, * moving towards the cooler and thus stronger areas of the cross- 
section, during the rise in temperature. Although the above simplifications have been 
adopted to represent cracking of the concrete slab, the model does give a partially 
correct indication of the importance of the conti. nuous floor slab to the behaviour of 
steel-framed buildings at elevated temperatures. 
Thermal krains in the concrete are represented by initial nodal forces, as explained in 
Section 6.6. However since flat shell elements are used the temperature distribution 
through the thickness of the slab must be assumed to be uniform. 
The general assumptions relating to the steel material properties and proposed 
heating scheme remain the same as in the previous examples. To adopt a more 
realistic representation of the concrete slabs, the following assumptions apply, 
1'. 'A *steel: concrete modular'ratio of 15 is adopted, which is reduced by 30% if the 
slab is heated. 
2. The temperature of the concrete is 20% of the hottest part of the steel, and is 
uniform through the thickness of the slab. 
3. Only the top 70 mm of the slab is considered, as shown in Fig. 8.13. This 
represents the concrete thickness above the top of the trapezoidal steel deck. 
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4. The limiting stress when the slab is in sagging is 25 N/mM2. 'This was obtained by 
taking an average of the measured cube strengths, multiplying by 0.67 and 
dividing by a material partial safety factor of 1.3 (as stated In BS5950 part 8). 
5. The limiting stress when the slab is in hogging Is 2.5 N/mM2. 
6. 'A thermal expansion coefficient of 14.0 x1 0-6 /OC and a Poisson's' ratio of 0.2 Is 
taken for the concrete. 
7. Slab elements above steel-to-column connections are reduced to 6mm thick, 
which corresponds to the thickness of the mesh in the slab. 
Node position r 
Zlk A 
- --t 70 .. 'Af Tý 60 
ianored 
Fig. 8.13: Section through the slab and 
bepm. 
Steel-to-steel semi-rigid connections can 
be modelled, as explained in Chapter 4. 
However since actual moment-rotation 
characteristics of the joints are not 
available at the present time it was decided 
in the case of the comer test to represent 
beam-to-bearn connections, which consist 
of fin-plates, by pins. Steel beam-to- 
column connections were considered fixed. 
Both of the previous examples were re-analysed using the above assumptions. 
Considering first the Mbsh layout shown in Fig. 8.02, the i6corded slab deflection 
profiles during the rise in temperature are shown in Fig 8.14 , with convergence 
failure 
occurring at 7420C. 
investigation of the slab profiles shows that the magnitudes of displacements are 
much higher than are given by the previous analysis. No reversal of direction of 
vertical displacement was recorded, due to the strength and stiffness of the slab 
reducing as the temperature rises. It is of interest to consider the slab elements 
above the beam on gridline E, for both analyses. In the first example where the slab 
remains at a constant thickness of 130mm throughout the analysis, the slab profiles 
shown in Fig. 8.03 indicate hogging behaviour perpendicular to the beam, due to the 
imposed boundary conditions. In the slab profiles shown in Fig. 8.14 it can be seen 
that hogging behaviour still occurs causing the slab to reduce in thickness in this area. 
This will also reduce the strength of the slab spanning in the other direction, thus 
reducing the strength of the composite beam on gridline E. This highlights one of the 
limitations of the model in that isotropic properties are assumed which means that 
reducing the strength of the slab in one direction also reduces its strength in the other 
direction. 
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Fig. 8.14: Structural profile during the rise in temperature 
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Fig. 8.14: (continued) Structural profile during the rise in temperature 
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Fig. 8.14: (continued) Structural profile during the rise in temperature 
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Fig. 8.14: (continued) Structural profile during the rise in temperature 
The displacements at nodes 25,54, and 83, which are on the secondary beams (Fig. 
8.02), are shown in Fig 8.15. It can be seen that the beam on gridline 1 has much 
lower displacements compared to the other secondary beams, since it is of a larger 
section and a higher grade of steel. The difference in displacements between the 
edge and other secondary beams creates a high stress-gradient in the slab which 
spans between them. This seems to be the most likely cause of numerical instability 
experienced during the analysis at 7421C, and will need to be investigated in future 
research work by conducting an extensive convergence study. 
Considering the mesh layout shown in Fig. 8.11, which incorporates the additional 
structure within a half-bay in either direction outside the test area, the recorded slab 
displacement profiles during the rise in temperature are shown in Fig. 8.16. These 
profiles show a different behaviour during the rise in temperature, in particular the 
displacements of the beam on gridline 2 which are much lower, due to the effect of 
the cold surrounding structure. Once again a high stress-gradient in the slab as it 
spans across the secondary beams was experienced, which may be the cause of the 
numerical instability experienced at 711 OC. 
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Fig. 8.15: Vertical displacements at nodes 25,54 and 83 relating to the slab proffles 
shown in Fig. 8.14. 
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Fig. 8.16: Structural profile during the rise in temperature 
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4000C 
6000C 
Fig. 8.16: (continued) Structural profile during the rise in temperature 
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Fig. 8.16: (continued) Structural profile during the rise in temperature 
From the last two models it can be seen that representing the concrete slab more 
realistically produces higher vertical displacements, as well as highlighting the 
significant effect the continuous slab has on the structural behaviour. Unfortunately at 
the time of writing the actual test has not been carried out and therefore the accuracy 
of the assumptions adopted for the slab cannot be investigated. 
Taking an overview of all the models and the assumptions adopted, in relation to the 
concrete slab and steel-to-steel connections, the vertical displacements at node 54 
(refer Fig. 8.02) were plotted for each representation of the test and are shown in Fig. 
8.17. It can be seen clearly that if the slab has infinite strength the mode of behaviour 
is totally different during the rise in temperature, with the displacements decreasing in 
value above 5001C. As discussed previously, this is due to the extreme softening of 
the steel above this temperature. When considering related models, whose only 
difference is the inclusion of the structure within a half-bay in both directions, it can be 
seen that the vertical displacements are very similar. The major difference in the 
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predicted displacements when 
, 
this extra structure is included occurs In the beams on 
gridlines 1 and E, as shown in the respective slab displacement profiles. 
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8.2: RESTRAINED BEAM FIRE TEST. 
The investigation following the Broadgate Phase 8 fire 81 showed that local buckling of 
the bottom flange occurred near to the supports of beams which had sufficient 
restraint against thermal expansion. Buckling occurred in the lower flange due to 
large induced thermal compressive forces combined with the hogging moment at the 
support. To investigate this type of behaviour on the Cardington test frame a 
secondary beam on the seventh floor was heated over a length 'of 8.0 metres as 
shown in Fig. 8.19. The test was carried out on the 19th January 1995, whilst this 
research project was in progress, and Oisplacement values at average temperatures 
were available for comparison with the computer model predictions. The test was 
co nducted by constructing a gas-heated furnace beneath the middle 8.0 metre length 
of the beam. Heating was carried out slowly over a two-and-a-half hour period, and 
was concluded when the bottom-flange steel temperature was 8320C. On removing 
the furnace local buckling similar to that which had been seen at Broadgate was 
apparent at the edges of the furnace, as shown in Fig. 8.18. It can of course be 
argued that local buckling of the bottom flange would not constitute member failure 
since formation of a hinge at this location would create a simply-supported beam. 
Fig. 8.18: Local buckling of the bottom flange after removal of the furnace for the 
restrained beam fire test conducted at Cardington. 
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Since 
' 
one-dimensional line elpments are adopted to represent beam-columns, local 
buckling cannot be modelled. However the model was used to allow a comparison 
with the mid-span displacements recorded during the test. At the present time this is 
the only recorded information available from the test, and therefore the latest 
assumptions specified for modelling the frame apply, which may be revised later. 
The extent of the structure incorporated within the model is shown in Fig. 8.19, with a 
more detailed representation, together with the finite element mesh layout adopted, 
shown in Fig. 8.21. Also indicated are the assumed temperature profiles of the 
heated steel, whoge stress-strain data is represented by a Ramberg-Osgood type of 
6quation". Steel-to-steel semi-dgid. connection characteristics were introduced as 
shown in Fig. 8.20. Since actual connection relationships are unavailable at the time 
of writing these characteristics are used only to allow comparison between Ideal and 
semi-rigid joints. 
iM (kNm) . i 
24 K =., 43.44 kNm/rad 
13 
K=7.18xl 0 kNm/rad 
3.34 x le 
-10- 
Radians 
Fig. 8.20: Assumed moment-rotation relationship for semi-figidjoints. * 
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I- Temp. profile 
Fig. 8.21: Pinite e: 1ement1ayoUt for the*restrained beam fire test. 
When considering the analysis of the model shown in Fig. 8.21 at elevated 
temperatures the problem arises of how to represent the continuation of the structure 
on the three sides X, Y, and Z Side Z has continuity into the depth of the building 
and is given restraint against both rotation and horizontal displacement perpendicular 
to the side. Cut-lines X and Y are restrained in rotation about the sides, since the 
slabs are continuous, but the effect of horizontal restraint from membrane action in 
the slabs is worth considering. If full lateral restraint is provided to both edges, then 
this restraint to -thermal expansion will cause higher axial forces in the- heated beam 
and thus higher displacements. If cut-lines X and Y represent the boundaries 
between the model and large areas of continuous cold slab then the extreme case of 
lateral restraint at these sides would be realistic. However considering the floor plan 
shown in Fig. 8.19, it can be seen that the adjoining bays are either external or have 
large cut-outs within them, thus reducing the amount of restraint to thermal expansion. 
The other extreme case which consists of allowing free horizontal lateral movement 
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across these edges could be adopted, althoughany tendency to differential horizontal 
movement makes the continuity of the slabs across these edges hard to envisage. 
It was therefore decided to conduct three analyses by varying the conditions of 
horizontal restraint perpendicular to cut-lines X and Y. 
(a) Horizontal. movement perpendicular to cut-lines X and Y free. 
The model shown in Fig. 8.21 is free to move laterally across cut-lines X and Y. The 
additional mid-span displacement of the heated beam as the temperature increases is 
shown in Fig. 8.22 ' Since the results for the semi-rigid connection did not lie between 
the bounds formed by the ideal connecti 
' 
ons additional analyses were conducted 
varying the connection stiffness and strength by scaling the characteristics shown In 
Fig. 8.20. To allow an appreciation of the structural behaviour the slab profiles at 
various temperatures during the analysis, incorporating semi-rigid connections, are 
shown in Fig. 8.23. 
From the mid-span displacements (Fig. 8.22) it can be seen that the model compares 
very well with the test results until 5000C where divergence occurs. This is almost 
certainly due to the model's assumptions used to represent the cracking behaviour of 
the concrete slab in both the hogging and sagging regions. For the analysis where 
simple connections are adopted very little (if any) cracking is experienced in the 
hogging regions of the slab above and parallel to the heated beam. Therefore in this 
model (which represents cracking by reducing whole elements in thickness) the 
thickness of the slab is greater and thus stiffer when simple connections are adopted. 
This causes squashing of the beam to become the most prominent behaviour, 
causing reversal in its vertical displacement. This phenomenon was very apparent in 
the first analyses on the corner fire test, in which the slab was assumed not to crack. 
For the rigid connections, and semi-rigid connections above 80% of the strength and 
stiffness of the connection characteristics, a change in gradient of the 
displacement: temperature relationship occurs between 700 and 8000C. Within the 
computer analysis the thermal expansion of steel between 7500C and 8600C remains 
constant due to the phase-change in steel at about 7300C. However the concrete 
which is at a much lower temperature (10% of the beam's lower flange temperature) 
and the upper flange of the beam (80% of the beam's lower flange temperature), will 
continue to expand. This will induce negative moments at the supports whose 
magnitude will depend on the rigidity of the connection. 
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Fig. 8.22: Comparison between model analyses and test results when horizontal 
movement perpendicular to cut-lines X and Y is free. 
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200"C 
Fig. 8,23: Structural profile during ds6 in temperature. 
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60TC 
Fig. 8.23., (continued): Structural profile durtng rise in temperature'. 
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8000C 
9000C 
Fig. 8.23 (contlnueýdj: StrýciutW profild during rise i. n temperature. ' 
209 
Chapter 8. Computer Simulation of the Fire Tests to be Conducted on the Cardington Test Frame. 
Since the cut-lines X and Y have not been restrained horizontally the differential 
horizontal movement of the slab. needs to be considered. In the example where semi-. 
rigid connections -are , use. d the difference between the transverse horizontal 
displacement at the mid-span of the heated beam at 9000C and the two ends of cut- 
line X is 3.1 mrn and 1.6 mm. 
(b) Horizontal, movement perpendicular to cut-lines X and Y fully fixed 
In these analyses the cut-lines X and Y have transverse lateral movement restrained. 
The additional mid-span displacement. of the heated beam, with rise in temperature, is 
shown in Fig. 8.24. It can clearly be seen that the imposed lateral restraint results in 
ýigher vertical displacements. In these analyses the semi-rigid case lies between the 
ideal joints, due to the thickness of slab in the sagging areas being smaller (since the 
vertical displacements are greater) than in the previous analyses. This causes the 
stiffness and strength of the slab to reduce, and thus squashing of the beam is not 
encountered. 
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Fig. 8 24: Compadson between rpodel analyses and test results when. holizontal 
movement perpendicular to cut-lines X and Y is fully restrained. 
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(c) Horizontal movement perpendicular to cut-line X fully flxed whilst cut-line Y 
Is free to move. 
In these analyses nodes on. cut-line Y are allowed to move laterally, with nodes on 
cut-line X (which is in the area of the heated members) remaining restrained against 
transverse movement. The results produced are shown In Fig. 8.25 and are very 
similar to the analysis where both cut-lines are fted laterally, although vertical 
displacements are slightly less. For the semi-dgid case the horizontal shear of the 
slab at 9000C creates a difference of horizontal displacement between gridline 2 and 
the ends of cut-line Y of 1.7mm and 0.4mm. r 
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-60 
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Additional mid-span displacement 
due to rise in temperature (mm) 
Fig. 8.25. Comparison between model analyses and test results when horizontal 
movement perpendicular to cut-line X is fully restrained and 
cu t-fin eY is fre e to mo ve. 
To set the above analyses into context the beam was also modelled as an isolated 
composite beam with an effective flange width of span/4, as shown in Fig. 8.26. The 
mesh of finite elements was similar to the layout. in the proximity of the beam in the 
previous model in which continuous floor slabs were considered. Both semi-rigid and 
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ideal connections were considered, and free horizontal movement was allowed at the, 
supports. The additional displacements at mid-span of the beam during the rise in 
temperature are shown in Fig. 8.27. Using the Uimiting Temperature method from 
BS5950 Part 85, a load ratio of 0.44 gives a failure temperature of 66811C. The 
"failure" critedon7 used for beams consists of a maximum In-plane deflection of 
span/20, or a maximum rate of deflection when span/30 Is. exceeded. Since time Is 
not incorporated explicitly within the analysis it Is impossible to use this second 
criterion. However both span/30 and span/20 are indicated on Fig. 8.27, together with 
the failure temperature specified in BS5950 Part 8. 
Support conditions 
16.44 
12.33 
Fig. 8.26: Isolated composite beam representation of the test beam. 
Also shown on Fig. 8.27 are the results from the previous analysis where cut-lines X 
and Y are unrestrained and rigid joints were assumed. It can be seen that isolated 
member design produces much higher displacements. 
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Fig. 8.27., Comparison between model analyses when considering an isolated 
composite beam and the test results. 
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8.21: CONSIDERATION OF LOCAL BUCKLING EFFECTS. 
Since one-dimensional finite elements are used to represent beam-column members, 
local and distortional buckling cannot be identified. However since local buckling was 
experienced at the ends of the heated zone of the beam in the actual test it was 
decided to repeat the analysis for the case where horizontal movement perpendicular 
to cut-line X is. fully fixed and cut-line Y is free to move (which are probably the most 
realistic boundary conditions), and to attempt to model the effect of local buckling. 
This was done by considering simple connections, with the spring element 
representing the c; nnection between 
01 'the heated beam and column displaced to the 
position where local buckling was experienced, as shown in Fig. 8.28. Since the 
beam acts compositely with the slab it is possible for the whole steel section to buckle 
locally if the neutral axis is within the slab, with the top flange buckling at a position 
between the troughs in the metal decking. Therefore the insertion of a pin in the steel 
section is realistic, except that it is placed in position at the start of the analysis since 
the temperature at which buckling occurred is not known. Removal of axial stiffness 
in the compressive' areas of the steel was impossible to model. This was not 
considered significant, since in reality the axial force would be re-directed through the 
slab. 
500 mm 
I 
i 
Heated beam 
Slab elements not 
connected to these 
nodes 
I 
i 
I 
Rigid connection Pin connection 
Pin to represent local buckling 
Fig. 8.28: Insettion of a 'pin'to represent local buckling. 
The results of theanalysis are shown in Fig. 8.29, and compariso 
,nw* 
ith the previous 
analyses shown in Fig. 8.25, which- are also superimposed on Fig. 8.29, indicates the 
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significant effect of local buckling with the vertical displacemenis being smaller. This 
is due to the beam behaving as approximately simply supported between the points of 
local buckling, causing less concrete to go Into tension and thus less cracking In these 
areas. 
Maximum Temperature ("C) 
0 100 200 300 400 500 600 700 800 900 1,000 
0 
-20 
-40 
-60 
-80 
-100 
-120 
-140 
-160 
-180 
-200 
-220 
-240 
-260 
-280 
-300 
Additional mid-span displacement 
due to rise in temperature (mm) 
Fig. 8.29: Model predictions when assuming pins at the location of local buckling 
expedenced at some point dudng the test. 
To model local buckling effects a mesh of shell elements would be needed to 
represent the steel beam-column cross-sections. This would greatly reduce the size 
%2k 
Analysis with pins/' 10, ý representing local 
bucklina 
l%\-N x%- r3: -: A \ 
to 
% 
It 
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of structural. area which co. ul. d practica Ily and economically be modelled. Since it has 
been shown, in the examples presented on the Cardington frame, that a significant 
amount of structure surrounding the test area must be considered to obtain realistic 
predictions the use of such a mesh to represent the steel sections is clearly not 
feasible. 
However, to be conservative when modelling design cases with 'one-dimensional 
elements, steel-to-steel connections can legitimately be considered as pinned. In this 
test local buckling occurred slightly away from the beam ends, since only the middle 
8.0 metres was heýted. In a real fire the whole beam will typically be heated and local 
; uckling Will usually occur much nearer to the connection. 
I 
8.3: TWO-DIMENSIONAL CROSS-FRAME FIRE TEST. 
This test consists of heating the columns and beams on gridline B, between the third 
and fourth floors. 7(he position, of the test together with the extent of the structure 
incorporated within the analysis is indicated in Fig. 8.30, with a more detailed 
representation shown in Fig. 8.31. The assumptions adopted for the previous test 
remain the same, except for the heating scheme which is shown in Fig. 8.32, and the 
assumptions which represent steel-to-steel connections. Three analyses were 
conducted in which the assumptions for the steel-to-steel connections were varied. 
M' Fin plates connecting beam-to-beam considered as pinned, with beam-to- 01 
column connections considered as rigid. 
In this analysis the steel beam-to-beam connections (fin-plates) were represented as 
pins. The steel beam connection to the major and minor axes of the column were 
considered as rigid. 
The vertical displacements of the main beam on gridline B during the rise in 
temperature are shown in Fig. 8.33, with the horizontal displacements shown in 
Fig. 8.34. To allow an overall appreciation of the structural behaviour the slab 
deflection profiles during the rise in temperature are shown in Fig. 8.35. 
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Fig. 8.32: Temperature distributions adopted for the analyses of the two-dimensional 
cross frame. 
From Fig. 8.33 it can be seen that the vertical displacement of both beams reverses 
direction during the analysis. For the beam between gridlines 4 and 3 this reversal 
occurs when the maximum temperature is 600"C, with a temperature distribution 
through the beam at mid-span of 4801C in the top flange and 60011C in both the web 
and lower flange. Considering the beam between gridlines 3 and 2 the vertical 
displacement reverses direction at a maximum temperature of 7000C, with a 
temperature distribution through the beam at mid-span of 4900C in the top flange and 
6300C in both the web and lower flange. It can be seen that reversal of vertical 
deflection occurs at approximately the same temperature in each beam. This is due 
to squashing of the beam being the prominent behaviour, and has been investigated 
previously when considering the first examples analysed on the comer fire test. 
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Fig. 8.33: Vertical displacement of beams on gridline B during the fise in temperature. 
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The horizontal displacements of the beams on gridline B are shown In Fig. 8.34. This 
displacement is mainly due to thermal expansion of the beams. As the temperature 
increases, causing the strength and. stiffness of the steel beams to reduce, the rate of 
increase in horizontal displacement becomes smaller, due to the vertical 
displacements of the beams becoming greater. 
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Fig. 8.34: Honzontal displacement of beam on gildline B. 
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Fig. 8.35: Structural slab proffle during the rise in temperature. 
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Fig. 8.35: (continued) Structural slab profile during the rise in temperature. 
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Fig. 8.35: (continued) Structural slab profile during the rise in temperature. 
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(b) Fin plates connecting beam-to-beam and beam-to-column major axis 
connections assumed pinned, with beam-to-column minor axis connections 
considered rigid. 
Exactly the same assumptions are adopted as In the previous analysis, except that 
steel beam-to-column major axis connections are considered as pinned. The vertical 
displacement&dudng rise In temperature of the main beam on gridline B are shown In 
Fig. 8.36. As can be seen from the results convergence failure was experienced at 
7150C. This was due to the high tensile stresses experienced In the concrete in the 
hogging zone of th6 slab spanning pe'(pendicular to the secondary beam an gridline 3, 
6tween 
gridlines B and C. As the beams on gridline B reduce in strength with rise in 
temperature the slab is increasingly thrown into one-way-spanning. between the 
secondary beams which frame into the columns. Considering the beam on gridline 3, 
the slab between gridlines 4 and 3 is forced to span 6.0m, while that between 
gridlines 3 and 2 attempts to span 9.0m. This generates high hogging stresses in the 
slab above the beam on gridline 3, which causes the analysis to reduce the slab 
thickness in this arda. This also reduces the strength of the composite beam as it 
spans along gridline 3, which seems to cause failure of numerical convergence. This 
will be investigated In the next example by assuming pin connections for this beam. 
Once again this highlights the limitation of the model in assuming isotropic properties. 
f 
The vertical displacements V, and V3 are the same as in the previous analysis, as 
would be expected since these represent the thermal expansion of the columns, 
which are heated at half the maximum temperature. Since pins represent the beam- 
to-major axis column connections the vertical displacements V2 and V4 are now 
greater, and reversal of displacement is not experienced. This is due to the slab 
thickness within the model, in the vicinity of the beams, being less since higher 
stresses are encountered in this analysis. The horizontal displacements of the beams 
an gridline B are shown in Fig. 8.37, and are less than in the previous analysis due to 
the higher vertical beam displacements encountered. 
Slab displacement profiles are shown in Fig. 8.38, and show clearly the behaviour of 
the heated elements and surrounding cold structure. 
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Fig. 8.36., Vertical displacement of beams on gridline B during the rise in temperature. 
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Fig. 8.37. Horizontal displacement of beam on gddline B. 
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Fig. 8.38: Structural profile during rise in temperature. 
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Fig. 8.38., (continued) Structural profile during rise in temperature. 
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Fig. 8.38: (continued) Structural profile during rise in temperature. 
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(c) All steel-to-steel connections considered as pinned. 
Exactly the same assumptions are adopted as In the previous analysis except that the 
steel beam-to-column minor axis connections are considered as pinned. The vertical 
displacements of the beam on gridline B during the analysis are shown In Fig. 8.39. 
Convergence failure was experienced at 6520C, which Is lower than In the previous 
analysis, due the connections of the beam on gridline 3 being more flexible. This 
causes convergence failure at an earlier stage as the slab elements in the vicinity of 
the beam reduce in thickness, due to the high tensile stresses experienced by the 
slab as it spans peýpendicular to the b6am. 
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Fig. 8.39: Vertical displacement of beams on gridline B during the rise in temperature. 
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8.4: THE BEHAVIOUR OF THE RESTRAINED BEAM TEST 
DURING THE COOLING PHASE OF THE TEST. 
As explained in Chapter 7 the computer analysis has been developed in part to 
investigate the behaviour of steel frames during the cooling phase of a fire. The 
structural model adopted to investigate the behaviour of the restrained beam test In Its 
cooling ph. ase-was the case in which horizontal movement perpendicular to cut-lines X 
and Y (shown in Fig. 8.21) is unrestrained, and steel-to-steel connections were 
represented by the characteristics shown in Fig. 8.20. The additional mid-span 
displacements of t6 heated beam during the heating and cooling phases of the test 
are shown in Fig. 8.40. 
I 
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Fig. 8.40: Mid-span displacements during the heating and cooling phases of the 
restrained beam fire test 
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Fig. B. 4 1: Axial force In the steel member at the node connecting the test beam to the 
column. 
The predicted permanent additional mid-span displacement of the beam after cooling 
was 38mm, and since the ambient-temperature displacement at the start of the 
analysis was 23. Smm this creates a total permanent displacement of 61.5mm. 
However the analysis takes no account of possible tensile fracture of the connections, 
which was experienced in the test and is discussed in Chapter 7. The axial force 
recorded during the analysis, at the nodal position which connects the test beam to 
the column, is shown in Fig. 8.41. As previously explained, extreme care is required 
in interpreting these results since only the axial force in the steel beam is considered. 
At the start of the analysis a compressive force is recorded due to the balancing 
tensile force In the slab being Ignored. Between temperatures 7000C and 8320C 
during the heating phase the axial force begins to Increase again due to the increase 
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of hogging moment in this location. As can be seen from 'Fig. 8.41 the rate of 
increase in displacement decreases in this temperature range. This is due to the steel 
exhibiting constant thermal expansion between 7500C and 8600C as explained earlier. 
Only a limited study of the behaviour of the Cardington frame during the proposed 
and completed fire tests has been presented. These computer simulations have 
incorporated the full developments presented within this research- project. Before 
comprehensive conclusions can be gained from these tests and computer analyses, 
which will aid the development of design codes, more studies will be needed. 
However the resulis presented here iddicate that future research needs to be steered 
away from consideration of isolated members, towards analyses which incorporate 
continuity, both in the heated zone and with the surrounding cold structure. 
f 
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9.0: DISCUSSION AN D. CONC LUS IONS. 
Due. to both its associated material cost- and its effect on construction programmes 
considerable research has been conducted into the possibilities of reducing the 
required fire protection on steel-framed buildings. One of the main areas of this 
research consists of studies of the actual behaviour of steel members and frames at 
elevated temperatures. To obtain an understanding of this behaviour experiments 
have been conducted on steel members, and more recently on full-scale test frames. 
However it is recognised that these tests are very expensive and there is thus a need 
for accurate comýuter modelling. If *confidence in software can be generated by 
6idation against test results, the response of any frame to any fire scenario can be 
investigated very cheaply. It has been shown from recent full-scale fire tests that 
previous computer simulations, which have almost all been on planar frames together 
with some three-dimensional skeletal frames, are not accurate enough in modelling 
the true building behaviour. Therefore the research presented here has focused on 
the continuing development of computer modelling, -with the aim of representing steel- 
framed building behAviour during fire conditions in a more justifiable manner. 
The fully developed model, which is capable of analysing three-dimensional semi-rigid 
frames Including their supported continuous floor slabs, has been validated against 
test results throughout the development stage. t This has shown that the model is 
accurate in Its prediction of member and building behaviour. The steel frame can be 
modelled during both the heating and cooling phases of the fire, which allows possible 
repairability to be assessed. The capability of predicting failure by lateral-torsional 
buckling has also been included within the model. It can be argued that this is of 
secondary importance in multi-storey buildings since most beams. have full lateral 
restraint to their top flange from the supported floor. However in some situations such 
as plant areas, industrial buildings and office construction using the 'Parallel Beam 
Approach641, beams may fail by lateral-torsional buckling in a fire situation. The main 
development stages are discussed below. 
9.01: REPRESENTATION OF SEMI-RIGID CONNECTIONS USING SPRING 
ELEMENTS. 
Most multi-storey steel-framed buildings are designed simply, with the assumption that 
steel-to-steel connections resist shear and axial forces only. In a fire the restraint that 
even 'simple' connections can provide to the connected members can be beneficial. 
From the examples presented it has bieen* concluded that -the limiting (failure) 
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temperatures of beams are increased due to the rigidity of the connections, which 
were represented 
' 
by spring elements of zero length. Ho 
' 
wever, depending on the 
amount of restraint to thermal expansion that continuity provides, the beneficial affect 
of connection rigidity can also be reduced by the possibility of local buckling. This Is 
caused by the combination of the support moment and induced axial force, which may 
cause buckling of the compressive zones of the cross-section near the support. This 
type of behaviour was discovered following the Broadgate fire8l, and also after the 
first fire test conducted on the Cardington full-scale test frame. Computer modelling 
of localised buckling behaviour is impossible using the one-dimensional beam-column 
finite elements whiýh are adopted within the model. In fact the only conservative and 
ýredible method, within the bounds of this research, of taking account of local 
buckling effects near supports is to insert a pin at this location (or simply to assume 
pinned connections). Alternatively it may be argued that beams should be modelled 
using a mesh of two-dimensional shelf elements. This would however greatly 
increase the time required for analysis, and also reduce the area of structure which 
can be modelled, due to the large number of elements required. 
I 
Ignoring the possibility of local buckling occurring in heated beams near to supports 
the true behaviour of steel-to-steel connections at elevated temperatures needs to be 
considered. This includes the possibility of unloading from an inelastic state. The 
model is capable of including this behaviour, so * 
that if connection unloading during a 
fire occurs then an unloading stress-strain path is followed in which the sUffness is 
higher than the localised tangent stiffness. A simple goal-post frame, whose 
connections experienced reversal of rotation during a simulated fire, showed the 
increase of failure temperature which can be achieved by considering the true 
unloading connection behaviour. Although the model can accept any moment- 
rotation-temperature characteristics, and can also include unloading behaviour based 
on this relationship, very little experimental data exists for different joint configurations 
at elevated temperatures. If the true analytical behaviour of semi-rigid frames is to be 
investigated, then experimental work is required to obtain joint moment-rotation- 
temperature characteristics. 
9.02: LATERAL-TORSIONAL BUCKLING OF SIMPLE BEAMS AT ELEVATED 
TEMPERATURES. 
In order to set the findings for unrestrained beams into context the prescribed limiting 
temperatures (failure temperatures), specified in BS5950 Part 85, were first compared 
with*analytical results-for beams with the compression flange continuously restrained 
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against lateral deflection. Uniform heating was assumed to allow comparison with 
unrestrained beams, which would typically be engulfed in fire. 
For restrained beams it was found that failure temperatures defined at a maximum 
vertical cleflection of span/207, were dependent on the span: depth ratio and the 
pattern of load. Considering the span: depth parameter, for a given load ratio defined 
as: 
R Lf where Mf = applied moment at the fire limit state, MC ff MG = moment capacity about major axis. 
sections with lower span: depth will develop higher strains for a given deflection. 
Therefore their failure temperatures will be greater. This can be explained' by 
considering a schematic representation (Fig 9.01) of stress-strain-temperature 
characteristics for a localised -point on the cross-section of two beams with the same 
load ratio, but different span: depth ratios. It can be seen that, to achieve the local 
stress level required'for equilibrium, for a specific maximum deflection, the beam with 
the lower span: depth ratio fails at the higher temperature. Since the failure criterion7 
for beams is based mainly on deflection the loading pattern will also have an effect on 
failure temperatures. 
Tn+l > Tn 
Span: depth =x 
X<Y Span: depth =y} 
Strain at a particular point 
for a given deflection 
Fig. 9.01: Illustration showing vatiation of strain values fora particularpoint on two 
beams with identical load ratios but different span: depth ratios. 
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For uniformly heated restrained beams the limiting temperatures specified In BS5950 
Part 8 are based on strength reduction factors. These factors are basically the 
strength recorded at a specific s' train value (1.5% -strain -. for BS5950) for various 
temperatures from tests conducted on tensile specimens. If the steel were to exhibit a 
sharp yield point at this strain, and failure of beams was defined as the completion of 
a central plastic hinge, then simple beams would fail at the same temperature for any 
given load ratio, irrespective of span: depth ratio and loading pattern. 
A study of simple unrestrained beams, uniformly heated and subjected to typical 
loading patterns, was conducted over a range of load ratios at elevated temperatures. 
ýrorn these analytical results it was concluded that the limiting temperatures in 
BS5950 Part 8 were generally unconservative. This is in contrast to the restrained 
case for which analytical predictions have shown that the limiting temperatures of 
BS5950 are very accurate. For uniformly heated unrestrained beams it was found 
that the least conservative predictions were for those load cases which have high 
moment over the longest portions of the beam in the mid-span region. Thus a 
moment profile whiC'h changes'sign at mid-span produces the best prediction and 
uniform moment the worst. 
Further research work will be required before an all-embracing approach to the design 
of unrestrained beams can be proposed. However at present the results produced 
highlight a relationship between failure temperature and the ambient temperature ratio 
of lateral-torsional buckling resistance moment (M) to moment capacit 11 was 
shown that as this ratio increases the failure temperature decreases n given 
load ratio, which is defined as: 
R= MMf where, Mb 
m= equivalent uniform moment factor (=1.0 if the slenderness correction factor n is 
used in the calculation of MO). 
M, = applied moment at the fire limit state, 
Mb = buckling resistance moment (lateral torsional) 
It may be argued that the ratio MbIM, is a controlling parameter because inelastic 
buckling loads (and buckling loads in general) are controlled by tangent modulus 
values on the local stress-strain curves of the members affected, just prior to 
instability occurring. As previously explained the stress-strain curves of steel at 
elevated temperatures are continuously curýýilineqr, tending towards zero s16 opeý at 
ultimate stress levels which degrade with rise in temperature. Atany given load ratio 
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a beam with a higher value of MbIMcr will be more highly stressed than one with a 
lower value. Its compression flange is therefore subject to a lower tangent modulus in 
resisting any infinitesimal disturbance, and as the temperature rises- the tangent 
modulus rapidly declines. This is shown schematically in Fig. 9.02 
As the load ratio decreases it has been shown that the failure temperatures of all 
beams converge to a single value depending only on the load ratio. Since the strain 
values on these sections are much lower, failure is essentially by elastic buckling, 
which occurs when the increase in temperature has reduced the Initial (Young's) 
9 
modulus to a proportion of its original ýalue approximately equal to the load ratio. 
Stress 
Highly stressed section 
Strain 
Fig. 9.02: Illustration of the different rates of degradation of tangent modulus with 
temperature for members at high and low load levels. 
9.03: MODELLING CONTINUOUS FLOORS. 
The structural effect of the flooring system, if it acts compositely with the supporting 
frame, will have a significant effect on the behaviour of a building during a fire. Most 
previous analytical modelling has only included the floor as a flange of the composite 
beam using an effective width concept. This approach ignores the membrane action 
of the slab, which can be considered as having two significant effects. The first 
consists of the restraint against thermal expansion provided by the continuous slab. 
This generally increases displacements in heated members due to the P-S effect of 
the induced axial* forces. The second effect is beneficial, and consists of a bridging 
action by the slab which may be able to divert load-paths away from the weakening 
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members. In the final stages it is possible that structural collapse could be avoided by 
catenary action of the slab. This will depend on its support conditions and the 
strength of its reinforcement or mesh. Future research work could be steered towards 
investigating this type of behaviour. 
To investigate the structural effects of a flooring system which acts compositely with 
the supporting. frame, shell finite elements have been Introduced Into the model. The 
connection of the one-dimensional beam-column elements to the two-dimensional 
shell elements is at common nodal,, points located at the mid-height of the shell 
element. - The concrete slab is assunied to be linear-elastic with cracking behaviour 
ýrudely 
modelled by reducing the thickness'of the shell element, so that a maximum 
bending component of' stress is not exceeded. The stresses in the slab -are 
calculated, once *equilibrium is obtained, at the Gauss points and then averaged over 
the element. Connection of the beam elements at a common node point causes the 
floor and beams to act compositely. However the calculation of the concrete stresses 
for- ultimate strength purposes considers the slab only, with its neutral axis at mid- 
height. This methoý is clearly incorrect when considering the cracking behaviour of 
the slab when it spans over and parallel to the beam. For this case the stress 
distribution should be calculated about a neutral axis whose position is based on the 
steel and slab. This is difficult since during a fire the neutral axis will continuously 
move towards the cooler, and thus stronger, areas of the section. Future research 
work should concentrate on modelling more realistically the cracking behaviour of the 
concrete over beams, and should also include the true behaviour of the 
-reinforcement, together with methods of modelling localised cracking. Extension to 
include non-linear material properties of the concrete at elevated temperatures should 
also be considered. 
Thermal strains for the concrete slab have been included in the model. However the 
temperature distribution must be assumed to be uniform since flat shell elements 
have been adopted at this stage. If material non-linearity were to be included in the 
model then an integration through the slab thickness will be required which will allow a 
temperature gradient to be specified. However even with these simplifications it has 
been found that comparison with test results on isolated composite sections indicate 
that the model's displacement predictions are very accurate. It was therefore decided 
to use the model to simulate the fire tests on the full-scale test frame at Cardington. 
Generally it can be concluded from these analyses that the structure, especially the 
concrete slab, surrounding a fire zone has a major influence on the performance of 
the directly heated members. During the course of these -studies the mid-span 
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displacements and the corresponding average temperatures became available for the 
first Cardington fire test, in which a 9.0 metre secondary beam was heated over most 
of its length. A Comparison was made between the test results and the computer 
analysis, assuming both an isolated member and full three-dimensional subframes 
including slabs. It was shown that the treatment of members in isolation was highly. 
unrealistic, with the three-dimensional model correlating far better with the test results. 
This indicates-that future research should concentrate on fire scenarios in building 
structures rather than on isolated members. Although an inevitable complication of 
the analysis occurs when the whole building behaviour is incorporated, it Is 
considered justifia6le since a realistic prediction of building behaviour Is required. The 
iinal objective of this continuing research is to simplify the knowledge gained into 
design rules which allow-manual calculations to be conducted by practising engineers. 
9.04: THE COOLING BEHAVIOUR OF STEEL FRAMES. 
In reality, due to the regulatory requirement of compartmentation (which creates 
localised fires) tog4ther with the inherently high degree of redundancy in most 
buildings complete structural collapse due to a fire is highly unlikely. Research Is 
therefore required into the permanent deformations, internal 'forces and residual 
strength once a frame has cooled so that repairability can be assessed. The model 
has been extended to include extensive strain reversal in the steel members, which 
will allow their behaviour to be investigated during the cooling phase. 
Only a limited study has been presented here, but one effect of interest is the high 
tensile force predicted in a beam subjected to restraint from the surrounding frame 
and cooled from the inelastic state. This tensile force can cause 'failure' of the 
connections, as was observed in the flexible end-plate connections after the 
Broadgate fire and following cooling of the first fire test on the Cardington frame. It 
can be argued that this failure is not necessarily catastrophic. Tensile failure of the 
bolts is not instantaneous, since as each bolt fails (the order being dependent on their 
individual strengths) the tensile force in the beam is partly relieved due to deformation 
of the end-plate, until the remaining bolts can withstand and equilibrate the induced 
tensile force. In some cases the bolts may not necessarily be the weak link, with 
failure of the welds or the heat affected zone of the end-plate occurfing first, as was 
witnessed after the fire test at Cardington. In the investigation following the 
Broadgate fire it was found that other connections, which consisted of double angle- 
cleats bolted through the beam web to supporting members, accommodated axial 
movement by deforming the connecting cleats. This could lead to the conclusion'that 
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the. most favourable type of connection in fire conditions could be seating. cleats, for 
which cooling would either cause the locating bolts to shear or the cleat material to 
deform, allowing aAal movement but still retaining vertical support. 
Further research is required into the behaviour of frames during the cooling phase of 
the fire. These studies should focus on frames since it has been shown that restraint 
to thermal expansion significantly influences member behaviour during both the 
heafing and cooling phases of a fire. 
9.05: CONCLUDIýG REMARK. 
I 
f 
It can be argued that sirice a fire is an accidental occurrence, design methods for 
' 
fire 
safety of structures should only consider strength. This could be extended further by 
permitting localised failure (buckling) and even member failure, provided that 
disproportional collapse is avoided. Based on the findings presented here it has been 
shown that future work should be steered towards considering the building structure 
as an entity, with the aim of bvolding complete collapse. This may conclude by 
requiring protection of vertical structural elements and possibly increasing the tensile 
reinforcement in the concrete slab (or ensuring continuity if precast slabs are 
adopted). However extensive further evidence is needed to support these concepts 
and the results from the Cardington frame, together with the continuing development 
of sophisticated computer models, could possibly provide this. 
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